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Abstract. Let k be an algebraically closed field of characteristic p > 0, and G be a Barsotti- 
Tate over k. We denote by S the "algebraic" local moduli in characteristic p of G, by G the 
universal deformation of G over S, and by U C S the ordinary locus of G. The etale part of 
G over U gives rise to a monodromy representation pa of the fundamental group of U on the 
Tate module of G. Motivated by a famous theorem of Igusa, we prove in this article that pa 
is surjective if G is connected and HW-cyclic. This latter condition is equivalent to saying that 
Oort's a-number of G equals 1, and it is satisfied by all connected one-dimensional Barsotti-Tate 
groups over k. 



1. Introduction 

1.1. A classical theorem of Igusa says that the monodromy representation associated with a ver- 
sal family of ordinary elliptic curves in characteristic p > is surjective [16} 119). This important 
result has deep consequences in the theory of p-adic modular forms, and inpired various generaliza- 
tions. Faltings and Chai 0[TT] extended it to the universal family over the moduli space of higher 
dimensional principally polarized ordinary abelian varieties in characteristic p, and Ekedahl [10] 
generalized it to the jacobian of the universal n-pointed curve in characteristic p, equipped with a 
symplectic level structure. We refer to Deligne-Ribet [7] and Hida [H] for other generalizations to 
some moduli spaces of PEL-type and their arithmetic applications. Though it has been formulated 
in a global setting, the proof of Igusa's theorem is purely local, and it has got also local general- 
izations. Gross [12J generalized it to one-dimensional formal ^-modules over a complete discrete 
valuation ring of characteristic p, where is the integral closure of Z p in a finite extension of Q p . 
We refer to Chai |5j and Achter-Norman [lj for more results on local monodromy of Barsotti-Tate 
groups. Motivated by these results, it has been longly expected/conjectured that the monodromy 
of a versa! family of ordinary Barsotti-Tate groups in characteristic p > is maximal. The aim 
of this paper is to prove the surjectivity of the monodromy representation associated with the 
universal deformation in characteristic p of a certain class of Barsotti-Tate groups. 

1.2. To describe our main result, we introduce first the notion of HW-cyclic Barsotti-Tate groups. 
Let k be an algebraically closed field of characteristic p > 0, and G be a Barsotti-Tate group 
over k. We denote by G v the Serre dual of G, and by Lie(G v ) its Lie algebra. The Frobenius 
homomorphism of G (or dually the Verschiebung of G v ) induces a semi- linear endomorphism ipc on 
Lie(G v ), called the Hasse-Witt map of G pTBTTj) . We say that G is HW-cyclic, if c = dim(G v ) > 1 
and there is a v £ Lie(G v ) such that v, ipc{v), • • • , ip^f 1 ^) form a basis of Lie(G v ) over k (|4.ip . 
We prove in 14.71 that G is HW-cyclic and non-ordinary if and only if the a-number of G, defined 
previously by Oort, equals 1. We can construct HW-cyclic Barsotti-Tate groups as follows. Let 
r, s be relatively prime integers such that < s < r and r ^ 0, A = s/r, G x be the Barsotti-Tate 
group over k whose (contravariant) Dieudonne module is generated by an element e over the non- 
commutative Dieudonne ring with the relation (F r ~ s — V s ) ■ e — (|4.10j) . It is easy to see that 
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G x is HW-cyclic for any < A < 1. Any connected Barsotti-Tate group over k of dimension 1 and 
height h is isomorphic to G 1/h Chap.IV §8]. 

Let G be a Barsotti-Tate group of dimension d and height c+d over k; assume c > 1. We denote 
by S the "algebraic" local moduli of G in characteristic p, and by G be the universal deformation of 
G over S (cf. 13. 8p . The scheme S is affine of ring R ~ fc[[(iij)i<i< c ,i<j<(i]], and the Barsotti-Tate 
group G is obtained by algebraizing the formal universal deformation of G over Spf(i?) (|3.7p . Let 
U be the ordinary locus of G (i.e. the open subscheme of S parametrizing the ordinary fibers of 
G), and rj a geometric point over the generic point of U. For any integer n > 1, we denote by 
G(n) the kernel of the multiplication by p n on G, and by 

T p (G,rJ) = limG(n)(rj) 

n 

the Tate module of G at rj. This is a free Z p -module of rank c. We consider the monodromy 
representation attached to the etale part of G over U 

(1.2.1) PG : 7ri(U,Tj) -» Aut Zp (T p (G,77)) ~ GL c (Z p ). 

The aim of this paper is to prove the following : 

Theorem 1.3. If G is connected and HW-cyclic, then the monodromy representation pa is sur- 
jective. 

Igusa's theorem mentioned above corresponds to Theorem 11.31 for G = G 1 / 2 (cf. 15. 7ft , My 
interest in the p-adic monodromy problem started with the second part of my PhD thesis |27J, 
where I guessed 11.31 for G = G x with < A < 1 and proved it for G 1 / 3 . After I posted the 
manuscript on ArXiv [28], Strauch proved the one-dimensional case of ll.3l bv using Drinfeld's level 
structures [26| Theorem 2.1]. Later on, Lau [20] proved fOl without the assumption that G is 
HW-cyclic. By using the Newton stratification of the universal deformation space of G due to 
Oort, Lau reduced the higher dimensional case to the one-dimensional case treated by Strauch. In 
fact, Strauch and Lau considered more generally the monodromy representation over each p-rank 
stratum of the universal deformation space. Recently, Chai and Oort [6J proved the maximality 
of the p-adic monodromy over each "central leaf" in the moduli space of abelian varieties which is 
not contained in the supersingular locus. In this paper, we provide first a different proof of the 
one-dimensional case of I1.3L Our approach is purely characteristic p, while Strauch used Drinfeld's 
level structure in characteristic 0. Then by following Lau's strategy, we give a new (and easier) 
argument to reduce the general case of ll.3l to the one-dimensional case for HW-cyclic groups. The 
essential part of our argument is a versality criterion by Hasse-Witt maps of deformations of a 
connected one-dimensional Barsotti-Tate group (Prop. 14. lip . This criterion can be considered 
as a generalization of another theorem of Igusa which claims that the Hasse invariant of a versal 
family of elliptic curves in characteristic p has simple zeros. Compared with Strauch's approch, our 
characteristic p approach has the advantage of giving also results on the monodromy of Barsotti- 
Tate groups over a discrete valuation ring of characteristic p. 

1.4. Let A = k[[n]) be the ring of formal power series over k in the variable n, K its fraction field, 
and v the valuation on K normalized by v(tt) = 1. We fix an algebraic closure K of K, and let 
K sep be the separable closure of K contained in K, I be the Galois group of K SGp over K, I p C I 
be the wild inertia subgroup, and I t = I/I p the tame inertia group. For every integer n > 1, there 
is a canonical surjective character : I t — > f|5 . 2(1 . where F p ™ is the finite subfield of k with 

p n elements. 
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We put S = Spec(A). Let G be a Barsotti-Tate group over S, G v be its Serre dual, and 
Lie(G v ) the Lie algebrasof G v . Recall that the Frobenius homomorphism of G induces a semi- 
linear endomorphism tpa of Lie(G v ), called the Hasse-Witt map of G. We define h(G) to be the 
valuation of the determinant of a matrix of ipc, and call it the Hasse invariant of G (|5.4p . We 
see easily that h(G) = if and only if G is ordinary over S, and h{G) < oo if and only if G is 
generically ordinary. If G is connected of height 2 and dimension 1, then h{G) — 1 is equivalent 
to that G is versal (|5.7p . 

Proposition 1.5. Let S — Spec(A) be as above, G be a connected HW-cyclic Barsotti-Tate group 
with Hasse invariant h(G) — 1, and G(l) the kernel of the multiplication by p on G. Then the 
action of I on G(1)(K) is tame; moverover, G(1)(K) is an ¥ p c -vector space of dimension 1 on 
which the induced action of It is given by the surjective character p c_ 1 : I t — ► F* c . 

This proposition is an analogue in characteristic p of Serre's result pH Prop. 9] on the tameness 
of the monodromy associated with one-dimensional formal groups over a trait of mixed character- 
istic. We refer to 15.81 for the proof of this proposition and more results on the p-adic monodromy 
of HW-cyclic Barsotti-Tate groups over a trait in characteristic p. 

1.6. This paper is organized as follows. In Section 2, we review some well known facts on ordinary 
Barsotti-Tate groups. Section 3 contains some preliminaries on the Dieudonne theory and the 
deformation theory of Barsotti-Tate groups. In Section 4, after establishing some basic properties 
of HW-cyclic groups, we give the fundamental relation between the versality of a Barsotti-Tate 
group and the coefficients of its Hasse-Witt matrix (Prop. 14. lip . Section 5 is devoted to the study 
of the monodromy of a HW-cyclic Barsotti-Tate group over a complete trait of characteristic p. 
Section 6 is totally elementary, and contains a criterion i|6.3p for the surjectivity of a homomorphism 
from a profinite group to GL„(Z p ). In Section 7, we prove the one-dimensional case of Theorem 
11.31 Finally in Section 8, we follow Lau's strategy and complete the proof of 11.31 by reducing the 
general case to the one-dimensional case treated in Section 7. 

1.7. Acknowledgement. This paper is an expanded version of the second part of my Ph.D. 
thesis at University Paris 13. I would like to express my great gratitude to my thesis advisor Prof. 
A. Abbes for his encouragement during this work, and also for his various helpful comments on 
earlier versions of this paper. I also thank heartily E. Lau, F. Oort and M. Strauch for interesting 
discussions and valuable suggestions. 

1.8. Notations. Let S be a scheme of characteristic p > 0. A BT-group over S stands for a 
Barsotti-Tate group over S. Let G be a commutative finite group scheme (resp. a BT-group) 
over S. We denote by G v its Cartier dual (resp. its Serre dual), by ujq the sheaf of invariant 
differentials of G over S, and by Lie(G) the sheaf of Lie algebras of G. If S = Spec(^4) is affine and 
there is no risk of confusions, we also use log and Lie(G) to denote the correponding yl-modules of 
global sections. We put G^ the pull-back of G by the absolute Frobenius of S, Fq : G — > G^ the 
Frobenius homomorphism and Vg ■ G^' — > G the Verschiebung homomorphism. If G is a BT-group 
and n an integer > 1, we denote by G(n) the kernel of the multiplication by p n on G; we have 
G v (n) = (G v )(n) by definition. For an ^-module M, we denote by = ff s ®F S M the scalar 
extension of M by the absolute Frobenius of &s ■ If f '■ M — > N be a semi- linear homomorphism of 
i^s-modules, we denote by tp : — > N the linearization of ip, i.e. we have ip(X (8 x) = A • ip(x), 
where A (resp. x) is a local section of &s (resp. of M). 

Starting from Section 5, k will denote an algebraically closed field of characteristic p > 0. 
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2. Review of ordinary Barsotti-Tate groups 
In this section, S denotes a scheme of characteristic p > 0. 

2.1. Let G be a commutative group scheme, locally free of finite type over S. We have a canonical 
isomorphism of coherent ^s-modules [lBJ 2.1] 

(2.1.1) Lie(G v )~^ m Sfppf (G,G a ), 

where Jt?omst pp t is the sheaf of homomorphisms in the category of abelian fppf-sheaves over S, and 

G Q is the additive group scheme. Since Ga — G , the Frobenius homomorphism of G a induces 
an endomorphism 

(2.1.2) (f G : Lie(G v ) -> Lie(G v ), 

semi-linear with respect to the absolute Frobenius map Fg : @s —> &s\ we call it the Hasse-Witt 
map of G. By the functoriality of Frobenius, (pc is also the canonical map induced by the Frobenius 
of G, or dually by the Verschiebung of G v . 

2.2. By a commutative p-Lie algebra over S, we mean a pair (L,<p), where L is an ^g-module 
locally free of finite type, and ip : L — > L is a semi-linear endomorphism with respect to the absolute 
Frobenius Fg : 0$ — > G$. When there is no risk of confusions, we omit ip from the notation. We 
denote by p-£ies the category of commutative p-Lie algebras over S. 

Let (L,ip) be an object of p-£,ies- We denote by 

%{L) = Sym(L) = ®„> Sym"(L), 

the symmetric algebra of L over 0g. Let J?p{L) be the ideal sheaf of %f{L) defined, for an open 
subset V C S, by 

T{V 1 .ML)) = {x^-^{x) ; xer<y,w(L))}, 

where x® p = x®x®---®xe T(V, Sym p (L)). We put %{L) = <&(L)/S P (L), and call it the 
p-enveloping algebra of (L,<p). We endow ^ P (L) with the structure of a Hopf-algebra with the 
comultiplication given by A (a;) = 1 ® x + x ® 1 and the coinverse given by i(x) = —a;. 

Let G be a commutative group scheme, locally free of finite type over S. We say that G is of 
coheight one if the Verschiebung V G : -► G is the zero homomorphism. We denote by 25 Vs 
the category of such objects. For an object G of ©Vs, the Frobenius Fq-j of G v is zero, so the 
Lie algebra Lie(G v ) is locally free of finite type over G s ([9] VII A Theo. 7.4(iii)). The Hasse-Witt 
map of G H2.1.2J1 endows Lie(G v ) with a commutative p-Lie algebra structure over S. 

Proposition 2.3 ([9J VII A , Theo. 7.2 et 7.4). The functor ©Vs -> p-£ie s defined by G ^ Lie(G v ) 
is an anti- equivalence of categories; a quasi-inverse is given by (L,tp) i— > Spec(^p(L)). 

2.4. Assume S = Spec(A) affine. Let (L, <p) be an object of p-£ies such that L is free of rank 
n over 6s-, (ei, • • ■ ,e„) be a basis of L over £?s> {hij)i<i.j<n be the matrix of under the basis 
(ei, • • • , e„), i.e. <p(e.j) — X)"=i hij e i f° r 1 < J < Then the group scheme associated to (L, ip) is 
explicitly given by 

Spec(^ p (L)) - Spec^[X 1; • • ■ ,X n ]/(X? - %^)i< 3 <«) > 

with the comultiplication A(Xj) = l®Xj+Xj®l. By the Jacobian criterion of etaleness [EGA IVo 
22.6.7], the finite group scheme Spec(^ p (L)) is etale over S if and only if the matrix (/iy)i<i,j< n 
is invertible. This condition is equivalent to that the linearization of ip is an isomorphism. 
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Corollary 2.5. An object G of ©V5 is etale over S, if and only if the linearization of its Hasse- 
Witt map (|2.1,2p is an isomorphism. 

Proof. The problem being local over S, we may assume S affine and L = Lie(G v ) free over 0s- 
By Theorem I2.3[ G is isomorphic to Spec(^ p (L)), and we conclude by the last remark of 12.41 □ 

2.6. Let G be a BT-group over S of height c+d and dimension d, G v be its Serre dual. The Lie al- 
gebra Lie(G v ) is an ^5-module locally free of rank c, and canonically identified with Lie(G v (l))(|2j 
3.3.2). We define the Hasse-Witt map of G 

(2.6.1) ip G : Lie(G v ) -> Lie(G v ) 

to be that of G(l) (|2~L2| . 

2.7. Let A; be a field of characteristic p > 0, G be a BT-group over k. Recall that we have a 
canonical exact sequence of BT-groups over k 

(2.7.1) -» G° -» G -> G 6t 

with G° connected and G ct etale ([8j Chap. II, §7). This induces an exact sequence of Lie algebras 

(2.7.2) -» Lie(G 6tv ) -> Lie(G v ) -» Lie(G oV ) -> 0, 
compatible with Hasse-Witt maps. 

Proposition 2.8. Let k be a field of characteristic p > 0, G be a BT-group over k. Then Lie(G ctv ) 
is the unique maximal k-subspace V o/Lie(G v ) with the following properties: 

(a) V is stable under ipct; 

(b) the restriction of ip G to V is injective. 

Proof. It is clear that Lie(G etv ) satisfies property (a). We note that the Verschiebung of G et (l) 
vanishes; so G ct (l) is in the category ©Vs p0 c(fc)- Since k is a field. 12.51 implies that the restriction 
of ipc to Lie(G ctv ), which coincides with ip G M, is injective. This proves that Lie(G etv ) verifies (b). 
Conversely, let V be an arbitrary fc-subspace of Lie(G v ) with properties (a) and (b). We have to 
show that V C Lie(G ctv ). Let a be the Frobenius endomorphism of k. If M is a k- vector space, 
for each integer n > 1, we put M^ p > = k ® a ™ M, i.e. we have 1 (g> ax — <7 n {a) ® x in k ® a n M. 
Since ipc\v '■ V — > V is injective by assumption, the linearization y> G \y(j> n ) ■ V^ p ) — > V of <fi G \v is 
injective (hence bijective) for any n > 1. We have V = ip G {V^ p )). Since G° is connected, there is 
an integer n > 1 such that the n-th iterated Frobenius Fq ^ : G°(l) — > G°(l)' p "^ vanishes. Hence 

by definition, the linearized n-iterated Hasse-Witt map <p Ga : Lie(G oV )^ p "- ) — ► Lie(G oV ) is zero. 
By the compatibility of Hasse-Witt maps, we have tp G (Lie(G v )( p ') C Lie(G otv ); in particular, we 
have V = ^(V^) C Lie(G 6tv ). This completes the proof. □ 

Corollary 2.9. Let k be a field of characteristic p > 0. G be a BT-group over k. Then G is 
connected if and only if ip G is nilpotent. 

Proof. In the proof of the proposition, we have seen that the Hasse-Witt map of the connected 
part of G is nilpotent. So the "only if" part is verified. Conversely, if ip G is nilpotent, Lie(G etv ) is 
zero by the proposition. Therefore G is connected. □ 

Definition 2.10. Let S be a scheme of characteristic p > 0, G be a BT-group over S. We say 
that G is ordinary if there exists an exact sequence of BT-groups over S 

(2.10.1) -> G mult -> G -> G 6t -> 0, 

such that G mult is multiplicative and G ct is etale. 
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We note that when it exists, the exact sequence (|2.10.ip is unique up to a unique isomorphism, 
because there is no non-trivial homomorphisms between a multiplicative BT-group and an etale 
one in characteristic p > 0. The property of being ordinary is clearly stable under arbitrary base 
change and Serre duality. If S is the spectrum of a field of characteristic p > 0, G is ordinary if 
and only if its connected part G° is of multiplicative type. 

Proposition 2.11. Let G be a BT-group over S . The following conditions are equivalent: 

(a) G is ordinary over S . 

(b) For every x S S, the fiber G x = G Cg>s k(x) is ordinary over k(x). 

(c) The finite group scheme Ker V G is etale over S. 

(c') The finite group scheme Ker F G is of multiplicative type over S. 

(d) The linearization of the Hasse- Witt map ip G is an isomorphism. 

First, we prove the following lemmas. 

Lemma 2.12. Let T be a scheme, H be a commutative group scheme locally free of finite type 
over T. Then H is etale ( resp. of multiplicative type) over T if and only if, for every xeT, the 
fiber H ®t k{x) is etale ('resp. of multiplicative type) over k(x). 

Proof. We will consider only the etale case; the multiplicative case follows by duality. Since H is 
T-flat, it is etale over T if and only if it is unramified over T. By [EGA IV 17.4.2], this condition is 
equivalent to that H ®t k(x) is unramified over n(x) for every point x G T. Hence the conclusion 
follows. □ 

Lemma 2.13. Let G be a BT-group over S. Then KerVc is an object of the category (3Vs, 
i.e. it is locally free of finite type over S, and its Verschiebung is zero. Moreover, we have 
a canonical isomorphism (KerVc) v — KerJ^v, which induces an isomorphism of He algebras 
Lie((KerV G ) v ) ~ Lie(KerF G v) = Lie(G v ), and the Hasse-Witt map (|2"X2|) o/KerVfc is identified 
with tp G (|2.6.ip . 

Proof. The group scheme Ker Vq is locally free of finite type over S ([15] 1.3(b)), and we have a 
commutative diagram 

(Ker Vg) (p) VK °' VG *- Ker V G 



( G (P))( P ) 2^1 ^ Q(p) 

By the functoriality of Verschiebung, we have V G ( P ) = (Vq)^ and KerV G ( P ) = (KerVb)^- Hence 
the composition of the left vertical arrow with V G ( P > vanishes, and the Verschiebung of Ker V G is 
zero. 

By Cartier duality, we have (KerVc) v = Coker(F G v( 1 )). Moreover, the exact sequence 

... _> G v ( i) (G v (l)) (p) G v (l) 

induces a canonical isomorphism 

(2.13.1) Coker(F G v (1) ) ^ Im(V G v (1) ) = KerF G v (1) = Ker F G v . 
Hence, we deduce that 

(2.13.2) (KerVb) v ~ Coker(^ G v (1) ) ^ Ker F G v ^ G v (l). 
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Since the natural injection KerF G v — > G v (l) induces an isomorphism of Lie algebras, we get 

(2.13.3) Lic((Ker V G ) V ) ^ Lie(KerF G v) = Lie(G v (l)) = Lie(G v ). 

It remains to prove the compatibility of the Hasse-Witt maps with (|2.13.3|1 . We note that the dual 
of the morphism <|2. 13.2|) is the canonical map F : G(l) — > Kerl^j = Im(F G ^) induced by Fqm\. 
Hence by l|2.1.ip . the isomorphism <|2. 13.3|) is identified with the functorial map 

.Jfom S{pp{ (KerV G ,G a ) -» ifom Slpp , (G(l), G„) 

induced by F, and its compatibility with the Hasse-Witt maps follows easily from the definition 
(15X2)1 . □ 

Proof of \2.11\ (a)=>(b). Indeed, the ordinarity of G is stable by base change. 

(b) =>(c). By Lemma f2.12[ it suffices to verify that for every point x £ S, the fiber (KerVc?) ®s 
k(x) ~ KerVbj. is etale over «(a;). Since G^ is assumed to be ordinary, its connected part (G x )° 
is multiplicative. Hence, the Verschiebung of (G x )° is an isomorphism, and KerVc x is canonically 
isomorphic to KerVc** C (G|*)^ ~ (G^) et , so our assertion follows. 

(c) <^> (d). It follows immediately from Lemma [2 .131 and Corollary 12.51 

(c)o-(c'). By 12.121 we may assume that S is the spectrum of a field. So the category of 
commutative finite group schemes over S is abelian. We will just prove (c)=>(c'); the converse can 
be proved by duality. We have a fundamental short exact sequence of finite group schemes 

(2.13.4) -► KerF G -> G(l) ^ KcrV G -> 0, 
where F is induced by F G m, That induces a commutative diagram 

(KerF G ) {p) (G(1)) (P) — (KerF G ) (p) 



V 



Vat 



Ker F G ^ G(l) — ^ Ker V G »- 

where vertical arrows are the Verschiebung homomorphisms. We have seen that V" = (|2 . 13|) . 
Therefore, by the snake lemma, we have a long exact sequence 

(2.13.5) -» KeiV' -> Ker V G (i) ^ (KerV G ) (p) -» CokerV" -» CokerPb(i) ^ KerVfe -» 0, 
where the map a is the Frobenius of Ker V G and (3 is the composed isomorphism 

Coker(^ G(1) ) ~ G(l)/KerF G(1) ^ Im(F G(1) ) ~ KexV G . 

Then condition (c) is equivalent to that a is an isomorphism; it implies that Ker V' — Coker V' = 0, 
i.e. the Verschiebung of KerF G is an isomorphism, and hence (c ! ). 

(c)=>(a). For every integer n > 0, we denote by F G the composed homomorphism 

q Fg_^ q(p) F g(p) ; _ _ _ ^(p"" 1 ) > q(p") 

and by V G the composed homomorphism 

and Vq are isogenies of BT-groups. From the relation V G o F G = p n , we deduce an exact 
sequence 

(2.13.6) -»• KeiFg -f G(n) Ker V£ Q, 
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where F n is induced by Fq. For 1 < j < n, we have a commutative diagram 

yn-i 

(2.13.7) g(p") — *■ G { p 3) 




G. 



One notices by the functoriality of Verschiebung that Ker V™ ( J } = (Ker Vq 3 ) ( pJ ) . Since all maps 
in H2.13.7p are isogenies, we have an exact sequence 

(2.13.8) -► (Ker V^°) {p3) Ker V<§ ^ Ker V G -> 0. 

Therefore, condition (c) implies by induction that Ker is an etale group scheme over S. Hence 
the j-th iteration of the Frobenius KerV^ _J — > (Ker Vq" 3 )^ 3 ^ is an isomorphism, and Ker V G ~ 3 
is identified with a closed subgroup scheme of Ker Vq by the composed map 

i n -j, n : Ker V£~ j ^ (Ker V%~ j )^ Ker Vg. 

We claim that the kernel of the multiplication by p n ~ 3 on Ker Vq is Ker Vq ~ 3 . Indeed, from the 
relation p n ~ J -Id G (p«) = F™~L °V"7j. , we deduce a commutative diagram (without dotted arrows) 

(2.13.9) Ker VQ g(p") 




Ker Vg g(p"). 



It follows from (|2-13.S|) that the subgroup Ker of G^ p "^ is sent by V™ { J ) onto Ker V G . Therefore 
diagram (|2.13.9|) remains commutative when completed by the dotted arrows, hence our claim. It 
follows from the claim that (KerVQ) n >i constitutes an etale BT-group over S, denoted by G ct . 
By duality, we have an exact sequence 

(2.13.10) -> Ker F G -> Ker Fg -> (Ker FgT 3 ) (p3) -> 0. 

Condition (c') implies by induction that Ker Fq is of multiplicative type. Hence the j-th iteration 
of Verschiebung (Ker Fq~ j )(p j ) — > Ker Fq~ 3 is an isomorphism. We deduce from (|2. 13. 10[) that 
(KerpQ)„>i form a multiplicative BT-group over S that we denote by G mult . Then the exact 
sequences H2.13.6p give a decomposition of G of the form (|2. 10. 1|) . □ 

Corollary 2.14. Let G be a BT-group over S, and S be the locus in S of the points ieS such 
that G x = G ®s is ordinary over n(x). Then S° ld is open in S, and the canonical inclusion 
S md -> S is affine. 

The open subscheme S° rd of S is called the ordinary locus of G. 
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3. Preliminaries on Dieudonne Theory and Deformation Theory 

3.1. We will use freely the conventions of 11.81 Let S be a scheme of characteristic p > 0, G be 
a Barsotti-Tate group over S, and M(G) be the coherent ^-module obtained by evaluating the 
(contravariant) Dieudonne crystal of G at the trivial divided power immersion S <—* S. Recall that 
M(G) is an ^-module locally free of finite type satisfying the following properties: 

(i) Let F M ■■ M(G)( p ) -> M(G) and V M ■ M(G) -> M(G)^ be the ^-linear maps induced 
respectively by the Frobenius and the Verschiebung of G. We have the following exact sequence: 

► M(G) (p) ^ M(G) M(G) (p) -»■ • • • . 

(ii) There is a connection V : M(G) — > M(G) <8>^ s ^5/ F for which Fm and Vm are horizontal 
morphisms. 

(iii) We have two canonical filtrations by ^-modules n M(G): 

(3.1.1) 0^w G ^M(G)->Lie(G v )^0, 
called the Hodge filtration on M(G), and 

(3.1.2) -» Lie(G v ) (rt M(G) -» w£ } 0, 

called the conjugate filtration on M(G). Moreover, we have the following commutative diagram 
(cf. [18 a 2.3.2 and 2.3.4]) 

(3.1.3) 




Li e (G v )W — ^Lie(G v ) Lie(G v )^ 





where the columns are the Hodge filtrations and the anti-diagonal is the conjugate filtration. By 
functoriality, we see easily that (pa above is nothing but the linearization of the Hasse-Witt map 
(fG (|2,6.ip . and the morphism ip G : Lie(G)( p ) — > Lie(G), which is obtained by applying the functor 
■jtff orriff s {_, &s) to ipa, is identified with the linearization tpcfj of ipo v ■ 

The formation of these structures on M(G) commutes with arbitrary base changes of S. In the 
sequel, we will use (M(G), Fm, V) to emphasize these structures on M(G). 

3.2. In the reminder of this section, k will denote an algebraically closed field of characteristic 
p > 0. Let S be a scheme formally smooth over k such that = Q$/ k is an ^s-module locally 

free of finite type, e.g. S = Spec(^4) with A a formally smooth /c-algebra with a finite p-basis over 
k. Let G be a BT-group over S. We put KS to be the composed morphism 

(3.2.1) KS : lj g -» M(G) ^ M(G) ®e s n\ /k ^ Lie(G v ) ®g s n l s/k 
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which is ^s-hnear. We put tfs/k = & om ,g - s (flg ■ , k , &s), and define the Kodaira- Spencer map of G 

(3.2.2) Kod : & s/k -> J^om ffs (cj G ,Ue(G v )) 

to be the morphism induced by KS. We say that G is versal if Kod is surjective. 

3.3. Let r be an integer > 1, R = k[[t\, ■■ ■ , t r ]\, m be the maximal ideal of R. We put 5? = Spf (R), 
S = Spec(ii), and for each integer n > 0, S„ = Spec(i?/m n+1 ). By a BT-group Sf over the formal 
scheme -Y, we mean a sequence of BT-groups (G„)„>o over (i> n )n>o equipped with isomorphisms 

G n +1 x S n +i £>n — G n . 

According to ([17] 2.4.4), the functor G ^ (G Xj S n ) n >o induces an equivalence of categories 
between the category of BT-groups over S and the category of BT-groups over Y . For a BT-group 
<3 over Y , the corresponding BT-group G over S is called the algebraization of <3 , We say that Sf 
is versal over 5? , if its algebraization G is versal over S. Since S is local, by Nakayama's Lemma, 
Sf or G is versal if and only if the reduction of Kod modulo the maximal ideal 

(3.3.1) Kod : ,? s /k ®e s k — > Hom fc (w Go , Lie(G / )) 

is surjective. 

3.4. We recall briefly the deformation theory of a BT-group. Let 21L& be the category of local 
artinian ^-algebras with residue field k. We notice that all morphisms of 2lL/j are local. A morphism 
A' — > A in StLfc is called a small extension, if it is surjective and its kernel I satisfies I ■ = 0, 
where rriA' is the maximal ideal of A' . 

Let Go be a BT-group over k, and A an object of SILfe. A deformation of Go over A is a pair 
(G, </>), where G is a BT-group over Spec(A) and <j> is an isomorphism <ft '■ G ®a k — » Go. When 
there is no risk of confusions, we will denote a deformation (G, <fi) simply by G. Two deformations 
(G, </>) and (G', (j)') over ^4 are isomorphic if there exists an isomorphism of BT-groups tp : G ^> G' 
over A such that (f> — 4>' a [tp ig)^ k). Let's denote by T> the functor which associates with each 
object A of SlL/j the set of isomorphic classes of deformations of Go over A. If / : A — ► B is a 
morphism of SIL^, then the map V{f) : V{A) — > £>(i?) is given by extension of scalars. We call V 
the deformation functor of Go over SIL/j . 

Proposition 3.5 ([15] 4.8). Lei Go be a BT-group over k of dimension d and height c + d, V be 
the deformation functor of Go over SILfc . 

(i) Let A' — » A be a small extension in SIL^ with ideal I, x — (G, </>) be an element in T>(A), 
T> X (A') be the subset ofV(A') with image x in T>(A). Then the setV x (A') is a nonempty homoge- 
nous space under the group Homfc((x>Go> Lie(Gg)) <S>k I- 

(ii) The functor T> is pro-representable by a formally smooth formal scheme Y over k of relative 
dimension cd, i.e. — Spf(i?) with R ~ fc[[(ty)i<j< c ,i<j<d]], and there exists a unique deforma- 
tion (@,"ip) °f Gq over Y such that, for any object A of 2lLfc and any deformation (G,<fi) of Go 
over A, there is a unique homomorphism of local k-algebras ip : R — > A with (G, <fi) — T>((p)(@, ip). 

(iii) Let ^y/k(0) = ^y/k k be the tangent space of 5? at its unique closed point, 

Kod : 5> /fc (0) — Hom fc ( WGo ,Lie(Go / )) 

be the Kodaira- Spencer map ofS evaluated at the closed point of 5? . Then Kodo is bijective, and it 
can be described as follows. For an element f £ ^y/fc(0), i.e. a homomorphism of local k-algebras 
f : R —> k[e]/e 2 , Kodo(/) is the difference of deformations 

[Sf®H (fc[e]/e 2 )] - [Go ® k (k[e]/e 2 )}, 

which is a well-defined element in Homfc(wg , Lie(Go)) by (i). 
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Remark 3.6. Let (ej)i<j<d be a basis ofwc, (/j)i<j< c be a basis of Lie(Go). In view of l3.5f iii). 
we can choose a system of parameters (ty)i<i<c,i<j<d of 5? such that 

d 

Kod (—) = e*®/,-, 

where {e*j)\<j<d is the dual basis of (ej)i<j<d- Moreover, if m is the maximal ideal of R, the 
parameters ty are determined uniquely modulo m 2 . 

Corollary 3.7 (Algebraization of the universal deformation). The assumptions being those 
of l|3.5p . we put moreover S = Spec(i?) andG the algebraization of the universal formal deformation 
<S . Then the BT-group G is versal over S, and satisfies the following universal property: Let A 
be a noetherian complete local k-algebra with residue field k, G be a BT-group over A endowed 
with an isomorphism G®a A: — Go. Then there exists a unique continuous homomorphism of local 
k-algebras <p : R — » A such that G ~ G ®r A. 

Proof. By the last remark of 13.31 G is clearly versal. It remains to prove that it satisfies the 
universal property in the corollary. Let G be a deformation of Go over a noetherian complete local 
/c-algebra A with residue field k. We denote by the maximal ideal of A, and put A n = A/m"^ 1 
for each integer n > 0. Then by I3.5f b). there exists a unique local homomorphism ip n : R — > A n 
such that G®A n ~ G®r A n . The (p n 's form a projective system ((p n ) n >o, whose projective limit 
<p : R — ► A answers the question. □ 

Definition 3.8. The notations are those of (|3.7p . We call S the local moduli in characteristic p 
of Go, and G the universal deformation of Go in characteristic p. 

If there is no confusions, we will omit "in characteristic p" for short. 

3.9. Let G be a BT-group over k, G° be its connected part, and G ct be its etale part. Let r be 
the height of G et . Then we have G ot ~ (Q p /Z p ) r , since k is algebraically closed. Let T>g (resp. 
T>g°) be the deformation functor of G (resp. G°) over SILfc, If A is an object in StLfc and Sf is 
a deformation of G (resp. G°) over A, we denote by [Sf] its isomorphic class in Vq(A) (resp. in 
T-^G° (A) ) • 

Proposition 3.10. The assumptions are as above, let O : T>g —* T^g° be the morphism of functors 
that maps a deformation of G to its connected component. 

(i) The morphism O is formally smooth of relative dimension r. 

(ii) Let A be an object of SIL^, and ( S° be a deformation of G° over A. Then the subset 
©A 1 ^"]) ofV G (A) is canonically identified with Ext 1 A (Q p /Z p ,^°) r , wh ere Ext A means the group 
of extensions in the category of abelian fppf-sheaves on Spec(A). 

Proof, (i) Since T>q and T>g° are both pro-representable by a noetherian local complete fc-algebra 
and formally smooth over k l|3.5p . by a formal completion version of [EGA IV17.11. 1(d)], we only 
need to check that the tangent map 

6 fe[e]A 2 : V G (k[e]/e 2 ) -> P G o(fc[ e ]/e 2 ) 

is surjective with kernel of dimension r over k. Bv l3.5f iii). T>c(k[e]/e 2 ) (resp. T>c° (k[e]/e 2 )) is iso- 
morphic to Homt(uG, Lie(G v )) (resp. Romk(uJc° , Lie(G oV ))) by the Kodaira-Spencer morphism. 
In view of the canonical isomorphism log — W G°, @fc[ e ]/c 2 corresponds to the map 

G' k[e]/e2 : Hom fe (^ G ,Lie(G v )) -» Hom fe (o; G , Lie(G oV )) 

induced by the canonical surjection Lie(G v ) — > Lie(G oV ). It is clear that 0ju e i / e 2 is surjective of 
kernel Homfe(w G , Lie(G ctv )), which has dimension r over k. 
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(ii) Since G ct is isomorphic to (Q p /Z p ) r , every element in Ext^((Q) p /Z p , c S°) r defines clearly an 
element of Vq{A) with image [&°] in T>g°{A). Conversely, for any 'S £ T>g{A) with connected 
component isomorphic to §f°, the isomorphism G ct ~ (Q p /Z p ) r lifts uniquely to an isomorphism 
f^ot ^ (Q p /% p y because .A is henselian. The canonical exact sequence — > Sf° — » Sf — > Sf ct — » 
shows that comes from an element of Ext^(Q p /Z p , ^ ) r . 

□ 

4. HW-cyclic Barsotti-Tate Groups 

Definition 4.1. Let S be a scheme of characteristic p > 0, G be a BT-group over 5 such that 
c = dim(G v ) is constant. We say that G is HW-cyclic, if c > 1 and there exists an element 
v £ r(S,Lie(G v )) such that 

v,<p G (v), ■ ■ ■ ,<p c G ~ 1 {v) 
generate Lie(G v ) as an ^s-module, where ipc ls the Hasse-Witt map (|2.6.ip of G. 

Remark 4.2. It is clear that a BT-group G over S is HW-cyclic, if and only if Lie(G v ) is free 
over &s and there exists a basis of Lie(G v ) over 0$ under which ipa is expressed by a matrix of 
the form 





(° 


■ 


• 


-aA 




1 


■ 


• 


-a 2 


(4.2.1) 





1 ■ 


■ 


-a 3 




V> 


• 


• 1 


-a c J 



where a.i £ T(S, &s) for 1 < i < c. 

Lemma 4.3. Let R be a local ring of characteristic p > 0, k be its residue field. 

(i) A BT-group G over R is HW-cyclic if and only if so is G ®k. 

(ii) Let — > G' — > G — > G" — > be an exact sequence of BT-groups over R. If G is HW-cyclic, 
then so is G' . In particular, if R is henselian, the connected part of a HW-cyclic BT-group over 
R is HW-cyclic. 

Proof, (i) The property of being HW-cyclic is clearly stable under arbitrary base changes, so 
the "only if" part is clear. Assume that Go = G <g> k is HW-cyclic. Let v be an element of 
Lie(GQ ) = Lie(G v ) ® k such that (v, (pG (v), ■■■ , ^^(v)) is a basis of Lie(Gg )■ Let v be any lift 
of Fin Lie(G v ). Then by Nakayama's lemma, (v, tpciv), ■ ■ ■ , (^^7 1 (i;)) is a basis ofLie(G v ). 

(ii) By statement (i), we may assume R = k. The exact sequence of BT-groups induces an exact 
sequence of Lie algebras 

(4.3.1) -» Lie(G" v ) -» Lie(G v ) -> Lie(G ,v ) -> 0, 

and the Hasse-Witt map ipc is induced by ipc by functoriality. Assume that G is HW-cyclic and 
G v has dimension c. Let u be an element of Lie(G v ) such that 

u,ip G (u),--- ,f c G 1 {u) 

form a basis of Lie(G v ) over k. We denote by u' the image of u in Lie(G /v ). Let r < c be the 
maximal integer such that the vectors 

U, <PG'(u'), ■■■ , f^iu') 

are linearly independent over k. It is easy to see that they form a basis of the fc-vector space 
Lie(G' v ). Hence G' is HW-cyclic. □ 
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Lemma 4.4. Let S = Spec(i?) be an affine scheme of characteristic p > 0, G be a HW-cyclic 
BT-group over R with c = dim(G v ) constant, and 



1 




\0 



-ai\ 

-a 2 

-a 3 

-a c J 



G M cXc (R), 



be a matrix of fa- Put a c +i = 1, and P(X) — Yli=o a i+iX p e i£[-X]. 

(i) Let Vq : G^ p ' — > G be the Verschiebung homomorphism of G. Then Ker Vq is isomorphic to 
the group scheme Spec(R[X]/ P(X)) with comultiplication given by X •>— *> 1® X + X ®1. 

(ii) Let x G S , and G x be the fibre of G at x. Put 



(4.4.1) 



i (x) 



min {i;a i+ i(x) ^ 0}, 

0<i<c 



where a,i(x) denotes the image of di in the residue field of x. Then the etale part of G x has height 
c — io(x), and the connected part of G x has height d + io(x). In particular, G x is connected if and 
only if cii(x) = for 1 < i < c. 



Proof, (i) By 12.31 and 12.131 Ker Vq is isomorphic to the group scheme 

Spec^Xi, . . . , X C ]/{X{ - X 2 , ■ ■ ■ , X p c _ x - X c , XI + a x X x + ■■■ + a c X c ) 
with comultiplication A(Xi) — 1 <g) X, + X t <g) 1 for 1 < i < c. By sending (Xi,X 2 , ■ ■ ■ ,X C ) ^ 

c— 1 

(X, X p , ■ ■ ■ ,X P ), we see that the above group scheme is isomorphic to Spec(R[X]/ P(X)) with 
comultiplication A(X) = l<g)X + X(g)L 

(ii) By base change, we may assume that S — x — Spec(fc) and hence G — G x . Let G(l) be the 
kernel of the multiplication by p on G. Then we have an exact sequence 

-> Ker Fq G(l) -> Ker V G -> 0. 

Since Ker Fq is an infinitesimal group scheme over k, we have G(l)(k) = (KcrVcXfe); where k is 
an algebraic closure of k. By the definition of io{x), we have P(X) = Q(X pH ' * ), where Q(X) 



is an additive sepearable polynomial in k[X] with deg(Q) = p c 



-i (x) 



Hence the roots of P(X) 



in k form an F p -vector space of dimension c — io(x). By (i), (Ker Vc)(k) can be identified with 
the additive group consisting of the roots of P(X) in k. Therefore, the etale part of G has height 
c — io(x), and the connected part of G has height d + i (x). □ 

4.5. Let k be a perfect field of characteristic p > 0, and a p = Spec(k[X]/ X p ) be the finite group 
scheme over k with comultiplication map A(X) = 1 (g) X + X (g) 1. Let G be a BT-group over k. 
Following Oort, we call 

a(G) = dim fe Hom fefppf (a p , G) 

the a-number of G, where Homt fppf means the homomorphisms in the category of abelian fppf- 
sheaves over k. Since the Frobenius of a p vanishes, any morphism of a p in G factorize through 
Ker(Fc). Therefore we have 

Hom fcfppf (a p , G) = Hon\ k ^ gr {a p , Ker(i^ G )) 

= Rom k - gr (Ker (F G ) y ,a p ) 

= Hom p _ £iCfc (Lie(a p ), Lie(Ker(F G ))), 
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where Hom/._ ar denotes the homomorphisms in the category of commutative group schemes over k, 
and the last equality uses Proposition \2M Since we have a canonical isomorphism Lie(Ker(Fc)) — 
Lie(G) and Lie(a p ) has dimension one over k with (p ap = 0, we get 

(4.5.1) a(G) = dim fc {a; G hie(G)\ipa^ (x) = 0} = dim fc Ker(iy9 G v ). 

Due to the perfectness of k, we have also a(G) = dim^ Ker((/5c?v ), where ipcfj is the linearization 
of Lpo v ■ By Proposition [27TTJ we see that a(G) = if and only if G is ordinary. 

Lemma 4.6. Let G be a BT-group over k, and G v its Serve dual. Then we have a(G) — a(G v ). 

Proof. Let ipc '■ W G — * ^>a ^ e ^ ne ^- linear map induced by the Verschiebung of G. Then ipG> the 
morphism obtained by applying the functor Horrife(_,fc) to ipc, is identified with <pg^. By (|4.5.ip 
and the exactitude of the functor Homt(_, k), we have a(G) = dim^ Ker(ip G ) = dim^ Coker(i/> G ). 
Using the additivity of dim^, we get finally a(G) = dim^ Ker(^c)- By considering the commutative 
diagram l|3.1.3p . we have 

a(G) = dim fc L G n </> G (Lie(G v )^ ■ 
On the other hand, it follows also from l|3.1.3p that 

a(G v ) = dim fe Ker(^G) = dim fe ^ G (Lie(G v )^) D u>g\ ■ 
The lemma now follows immediately. 

□ 



Proposition 4.7. Let k be a perfect field of characteristic p > 0, G a BT-group over k. Consider 
the following conditions: 

(i) G is HW- cyclic and non- ordinary; 

(ii) the connected part G° of G is HW- cyclic and not of multiplicative type; 

(iii) a(G v ) = a(G) = 1. 

We have (i) =4> (ii) (iii). If k is algebraically closed, we have moreover (ii) => (i). 

Remark 4.8. In [5U Lemma 2.2], Oort proved the following assertion, which is a generalization 
of (iii) =>• (ii): Let k be an algebraically closed field of characteristic p > 0, and G be a connected 
BT-group with a(G) = 1. Then there exists a basis of the Dieudonne module M of G over W(k), 
such that the action of Frobenius on M is given by a display-matrix of "normal form" in the sense 

of mi 2.i]. 

Proof, (i) =>■ (ii) follows from I4,3f ii). 

(ii) =>■ (iii). First, we note that a(G) = a(G°), so we may assume G connected. Since G is not of 
multiplicative type, we have c = dim(G v ) > 1. By Lemma r4.4f ii). there exists a basis of Lie(G v ) 
over k under which <p G is expressed by 





• 


• 


°\ 




1 


• 


• 










1 • 


• 





e M cxc (fc) 




• 


• 1 
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According to (|4.5.ip . a(G v 
equation system in (x%, ■ ■ ■ 



i equals to dimfe Ker((fG), 

,X C ) 

/0 ••• 0\ 
1 ■•• 



i.e. the fc-dimension of the solutions of the 



x p 



= 



\0 ••• 1 0/ \xlj 

The solutions (x%, • • • , x c ) form clearly a vector space over k of dimension 1, i.e. we have a(G v ) = 1. 

(iii) =>• (ii). Let G et be the etale part of G. Since k is perfect, the exact sequence (|2,7.ip 
splits Chap. II §7]; so we have G ~ G° x G 6t . We put M = Lie(G v ), M x = Lie(G oV ) and 
M 2 = Lie(G dtv ) for short. By and EU we have a decomposition M = M x © M 2 , such that 
Mi,M2 are stable under ipo, and the action of ipc is nilpotent on Mi and bijective on M 2 . We 
note that a(G oV ) = a(G°) = a(G) = 1. By the last remark of 14, 5} G° is not of multiplicative type, 
hence dim^ M\ = dim(G oV ) > 1. It remains to prove that G° is HW-cyclic. Let n be the minimal 
integer such that <£>q{Mi) = 0. We have a strictly increasing filtration 

C Ker(> G ) C • • • C Ker(^g) = M x . 

If n = 1, then M\ is one-dimensional, hence G° is clearly HW-cyclic. Assume n > 2. For 
2 < m < n, Pq -1 induces an injective map 



tp™- 1 : Ker(^)/Ker( V5 ™- 1 ) — > Ker(^ G ). 



Since dimfcKer(<pG) = a(G oV ) = 1, (^q -1 is necessarily bijective. So we have dim^ Ker((/?^ ) = m 
for 1 < m < n. Let w be an element of Mi but not in Ker(i£>g -1 ). Then v, ipc{v), • • ■ , are 
linearly independant, hence they form a basis of Mi over k. This proves that G° is HW-cyclic. 

Assume k algebraically closed. We prove that (ii) ^> (i). Noting that G is ordinary if and only if 
G° is of multiplicative type, we only need to check that G is HW-cyclic. We conserve the notations 
above. Since ipc is bijective on M 2 and k algebraically closed, there exists a basis (ei, • • • , e m ) of 
M 2 such that fai^i) — e i for 1 < i < m. Let v € M\ but not in Ker(</?g -1 ) as above, and put 
u = v + Aiei + • ■ ■ A m e m , where Ai(l < i < m) are some elements in k to be determined later. 
Then we have 

/ tpMu) \ ( Xf ■■■ A?" \ 



ei 



\<P n G +m -\u» y X f ••• \? m J Vr, 

Let L(Ai,-.. ,A m ) S fe[Ai,-- - , A m ] be the determinant polynomial of the matrix on the right 
side. An elementary computation shows that the polynomial L(Ai,--. ,A m ) is not null. We 
can choose Ai,-- - , A m G k such that L(Ai,--- ,A m ) ^ because k is algebraically closed. So 
(^q(m), • • ■ , (/9g +m_1 (u) form a basis of M 2 over k. Since 

^Pq{u) = (Pg{v) mod M 2 for < i < n, 



by the choice of u, we see that {u, ipc(u), 
k. 



I tp^ +m - 1 (u)} form a basis of M = Lic(G v ) over 

□ 



By combining 14.61 and 14. 7} we obtain the following 

Corollary 4.9. Let k be an algebraically closed field of characteristic p > 0. Then a BT-group 
over k is HW-cyclic if and only if so is its Serre dual. 
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4.10. Examples. Let k be a perfect field, W(k) be the ring of Witt vectors with coefficients in k, 
and a be the Frobenius automorphism of W(k). Let s, r be relatively prime integers such that < 
s < r and r ^ 0; put A = ~. We consider the Dieudonne module M x ~ W(k)[F, V]/(F r ~ s — V s ), 
where W{k)[F, V] is the non-commutative ring with relations FV = VF = p, Fa = a(a)F and 
Va(a) = aV for all a e W(k). We note that M x is free of rank r over W(k) and M X /VM X ~ 
k{F]/F r ~ s . By the contravariant Dieudonne theory, M x corresponds to a BT-group G x over k 
of height r with Lie(G Av ) = M X /VM X . We see easily that G x is HW-cyclic, and we call it the 
elementary BT-group of slope A. We note that G° ~ Q p /Z p , G 1 ~ /x p oo, and (G A ) V ~ G 1 ~ x for 
< A < 1. 

Assume k algebraically closed. Then by the Dieudonne-Manin's classification of isocrystals [H 
Chap. IV §4], any BT-group over k is isogenous to a finite product of G A 's; moreover, any connected 
one-dimensional BT-group over k of height r is necessarily isomorphic to G 1 / 1 " [8, Chap. IV §8], 
hence in particular HW-cyclic. 

Proposition 4.11. Let k be an algebraically closed field of characteristic p > 0, R be a noetherian 
complete regular local k-algebra with residue field k, and S — Spec(i?). Let G be a connected 
HW-cyclic BT-group over R of dimension d > 1 and height c + d. 





(0 


• 


• 


-aA 




1 


• 


• 


-a 2 







1 • 


• 


-as 






• 


• 1 


-a c J 



be a matrix of ipc ■ 

(i) If G is versa! over S, then {a\, ■ ■ ■ , a c } is a subset of a regular system of parameters of R. 

(ii) Assume that d — 1. The converse of (i) is also true, i.e. if {ai,--- ,a c } is a subset of 
a regular system of parameters of R then G is versal over S. Furthermore, G is the universal 
deformation of its special fiber if and only if {ax, ■ ■ ■ , a c } is a system of regular parameters of R. 

Proof. Let (M(G), Fm, V) be the finite free <^s-module equipped with a semi-linear endomorphism 
Fm and a connection V : M(G) — * M(G) (g)^ s flg/ fc , obtained by evaluating the Dieudonne crystal 
of G at the trivial immersion S S (cf . 13- If) . Recall that we have a commutative diagram 

(4.11.1) M(G)W — ^M(G) 

pr pr 

Lie(G v )W ^ ^ Lic(G v ), 

where 4>g is universally injective (|3 . 1 .3[) . Let {v\, • ■ ■ ,v c } be a basis of Lie(G v ) over Gs under 
which ipa is expressed by t), i.e. we have ip l Q (vi) — Vi for 1 < i < c and <Pq(vi) — <pg{ v c) = 
— 2i=i a i v i- Let /i be a lift of v\ to T(S, M(G)), and put /j+i = 4>g(v^) for 1 < i < c — 1, 
where = l®t) t e T(S, Lie(G v )^). The image of ft in r(5, Lie(G v )) is thus v, for 1 < i < c 
by l|4.11.ip . We put 

(4.11.2) ei = G (^ P) ) + ai/i + • • • + a c f c e M(G)). 

The image of e\ in T(S, Lie(G v )) is <^g(^c) + Y^i=i a i v i = 0j so we have ei G r(5, wg). By 
I4.4l fii). we notice that a\, ■ • ■ ,a c belong to the maximal ideal tor of R, as G is connected. Hence, 

we have el = 4>g{ v c'^), where for a i?-module M and x £ M, we denote by x the canonical 



p-ADIC MONODROMY OF BARSOTTI-TATE GROUPS 



17 



image of x in M ® fc. Since 4>g commutes with base change and is universally injective, we get 

eT = c/)g(vc) = (f>G®k(vi P ' > ) ^ 0. Therefore, we can choose e-x-, ■ ■ • , &d € r(5, log) such that 
(ei, • • • , ed) becomes a basis of log over Cs, so (e\, ■ ■ ■ , e^, /i, • • • , f c ) is a basis of M(G). Since 
-Fm is horizontal for the connection V (cf. GLJjii)), we have 



In view of (|4.11.2|) . we get 



V(ei) = ft g> da, + «iV(/i) 



(4.11.3) = /j ® rfflj (modmfl). 

i=l 

Let KSo and Kodo be respectively the reductions modulo of l|3.2.ip and (|3.2.2p . Since (W)i<i<c 
is a base of Lie(G v ) <g> k, we can write 

c 

KS (e i ) = Y ~i ® f° r 1 <3< d , 

t=i 

where 6 f^s/fc ® fc- Prom (|4. 1 1 .3(1 . we deduce that 6^1 — dai. By the definition of Kod , we 
have 

d c 

(4.11.4) Kodo(d) = < 5,6^ > ej* ®W 

3 = 1 i=l 

where 9 6 &s/k®k, < ; • > is the canonical pairing between &g/k®k and 0^ fc ®fc, and (ei*)i<i<d 
denotes the dual basis of (et)i<i<d- Now assume that G is versal over S, i.e. Kodo is surjective by 
definition (|3.2p . In particular, there are 9i, • • ■ , <9 C S =5W ® such that Kodo(9i) = eT* <& «i for 
1 < i < c, i.e. we have 

(4.11.5) J *\~.{ iorl<i,j<c, 
and 

< d l7 6 itj >= for 1 < i, j < c, 2 < £ < d. 

From <|4. 1 1 .5(1 . we see easily that dai, ■ ■ ■ ,da c are linearly independent in £ls/k ® fc — m -R/ m 7j; 
therefore, (ai, • • • , a c ) is a part of a regular system of parameters of R. Statement (i) is proved. 

For statement (ii), we assume d = 1 and that (ai,--- ,a c ) is a part of a regular system of 
parameters of R. Then the formula (|4.11.4p is simplified as 

c 

Kodo (9) = ^ < 9, dai > eT* ® W- 

i=l 

Since dai, • • • , da c are linearly independent in ^l\/ k <8> A, there exist 9i, • ■ • , <9 C £ =^s/fc ® fc such 
that l|4.11.5p holds, i.e. (eT* ®W)i<i<c are in the image of Kodo. But the elements (eT* (8>W)i<i<c 
form already a basis of Jtfomff s (log, Lie(G v )) ® fc. So Kodo is surjective, and hence G is versal 
over S by Nakayama's lemma. Let Go be the special fiber of G. It remains to prove that when 
d = 1, G is the universal deformation of Go if and only if dim(S') = c and G is versal over S, Let 
S be the local moduli in characteristic p of Go- By the universal property of G p.7p . there exists 
a unique morphism / : S — > S such that G ~ G Xg S. Since S and S are local complete regular 
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schemes over k with residue field k of the same dimension, / is an isomorphism if and only if the 
tangent map of / at the closed point of S, denoted by Tf, is an isomorphism. By the functoriality 
of Kodaira-Spencer maps p,2.2p , we have a commutative diagram 

& s/k ® &s k ^L H om fe (u; Go ,Lie(G^)) , 

Tf 

3T s/k ® es k ^U H om fe (u; Go ,Lie(G^)) 

where horizontal arrows are the Kodaira-Spencer maps evaluated at the closed points l|3.3.ip . Since 

S S 

Kod and Kod are isomorphisms according to the first part of this propostion, we deduce that 
so is Tf. This completes the proof. □ 



5. MONODROMY OF A HW-CYCLIC BT-GROUP OVER A COMPLETE TRAIT OF 

Characteristic p > 

5.1. Let k be an algebraically closed field of characteristic p > 0, A be a complete discrete 
valuation ring of characteristic p, with residue field k and fraction field K . We put S — Spec (A), and 
denote by s its closed point, by r\ its generic point. Let K be an algebraic closure of K , K scp be the 
maximal separable extension of K contained in K, if' be the maximal tamely ramified extension of 
K contained in K sc p. We put I = Gal{K sc v/K ), I p = Gal(i^ se P/Jf t ) and I t = I/I p = Gal^/K). 

Let 7r be a uniformizer of A; so we have A ~ fc[[7r]]. Let v be the valuation on K normalized by 
v(7r) = 1; we denote also by v the unique extension of v to K. For every a S Q, we denote by m„ 
(resp. by m+) the set of elements x £ K scp such that v(x) > a (resp. v(x) > a). We put 

(5.1.1) V a = m Q /m+, 

which is a k- vector space of dimension 1 equipped with a continuous action of the Galois group /. 



5.2. First, we recall some properties of the inertia groups I p and I t [Ml Chap. IV]. The subgroup 
I p , called the wild inertia subgroup, is the unique maximal pro-p-group contained in I and hence 
normal in /. The quotient It = I / I P is a commutative profinite group, called the tame inertia 
group. We have a canonical isomorphism 

(5.2.1) 9 : I t ^ lim fi d , 

(d, P )=i 

where the projective system is taken over positive integers prime to p, fid is the group of d-th roots 
of unity in k, and the transition maps fj, m — » [id are given by ( i— > £ m / d , whenever d divides m. We 
denote by 64 ■ It — * the projection induced by l|5.2.ip . Let q be a power of p, ¥ q be the finite 
subfield of k with q elements. Then \i q -\ = F£ , and we can write 9 q -i : It — » F*. The character 
9d is characterized by the following property. 

Proposition 5.3 ([24] Prop. 7). Let a,d be relatively prime positive integers with d prime to p. 
Then the natural action of I p on the k-vector space V a /d l|5.1.ip is trivial, and the induced action of 
It on V a /d is given by the character {9d) a ■ It — ► /•*<*• ^ n particular, if q is a power of p, the action 
of It on Vi/(g_i) is given by the character Q q -\ : It — > and any Tequivariant ¥ p -subspace of 
is an ¥ q -vector space. 
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5.4. Let G be a BT-group over S. We define h(G) to be the valuation of the determinant of a 
matrix of ipa if dim(G v ) > 1, and h(G) — if dim(G v ) = 0. We call h{G) the Hasse invariant of 
G. 

(a) h(G) does not depend on the choice of the matrix representing ipc- Indeed, let c be the 
rank of Lie(G v ) over A, f) £ M CXC (A) be a matrix of ipc- Any other matrix representing ipc can 
be written in the form U^ 1 ■ \) ■ U^ p \ where U S GL C (A), £/ _1 is the inverse of U, and £A p ) is the 
matrix obtained by applying the Frobenius map of A to the coefficients of U. 

(b) By 12.111 the generic fiber G v is ordinary if and only if h(G) < oo; G is ordinary over T if 
and only h(G) = 0. 

(c) Let — > G' — > G — > G" — > be a short exact sequence of BT-groups over T, then we have 
h(G) — h(G') + h(G"). Indeed, the exact sequence of BT-groups induces a short exact sequence 
of Lie algebras (cf. [2] 3.3.2) 

-» Lic(G" v ) -» Lie(G v ) -» Lie(G ,v ) -» 0, 

from which our assertion follows easily. 

Proposition 5.5. Le^ G be a BT-group over S. Then we have h(G) = h(G v ). 

Proof. The proof is very similar to that of Lemma [4761 First, we have 

h{G) = leng(Lie(G v )/^(Lie(G v )^)), 

where Ipo is the linearization of <po, and "leng" means the length of a finite A- module (note that 
this formulae holds even if dim(G v ) = 0). By the commutative diagram l|3.1.3p . we have 

h(G) = leng M(G) / {<j> G (Lie(G v ) W ) + uj g ) . 

On the other hand, by applying the functor Rom.A(_, A) to the A-linear map (pcf' ■ Lie(G)' p ' — » 
Lie(G), we obtain a map ipa '■ — > w^'. If C/ is a matrix of (pcfj , then the transpose of J7, 
denoted by IP , is a matrix of i/>g . So we have 

MG V ) = v(det(E0) = v(det(C/ 4 )) = leng(4V^(w G )). 
By diagram 13. 1.3^ we get 

h(G v ) = lengM(G)/(0 G (Lic(G v )^) + oj g ) = h(G). 

□ 

5.6. Let G be a BT-group over S, c = dim(G v ). We put 

(5.6.1) Tp(G) = lim G(n)(K) 

the Tate module of G, where G(n) is the kernel of p n : G — > G. It is a free Z p -module of rank 
< c, and the equality holds if and only if the generic fiber G v is ordinary. The Galois group / acts 
continuously on T p (G). We are interested in the image of the monodromy representation 

(5.6.2) p : I = Gal(K sc P/K) - Aut Zp (T p (G)). 
We denote by 

(5.6.3) p : I = Gal{K sc ?/K) -» Aut Fp (G{l)(K)) 
its reduction mod p. 

Theorem 5.7 (Reformulation of Igusa's theorem) . LetG be a connected BT-group over S of height 
2 and dimension 1. Then G is versal l|3.2p if and only if h(G) — 1; moreover, if this condition is 
satisfied, the monodromy representation p : I — > Autz p (T p (G)) ~ is surjective. 
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Proof. Since Lie(G v ) is an ^5-module free of rank 1, the condition that h(G) = 1 is equivalent to 
that any matrix of ipo is represented by a uniformizer of A. Hence the first part of this theorem 
follows from Proposition 14, 1 If ii) . 

We follow [l9j Thm 4.3] to prove the surjectivity of p under the assumption that h(G) — 1. For 
each integer n > 1, let 

Pn '• I —> Aut z/p n Z (G(n)(if)) ~ (Z/p"Z) x 
be the reduction mod p n of p, K n be the subfield of K scp fixed by the kernel of p n . Then p n 
induces an injective homomorphism Gal(K n / K) — > (Z/p n Z) x . By taking projective limits, we are 
reduced to proving the surjectivity of p n for every n > 1. It suffices to verify that 

\lm(p n )\ = {K n : K] > p^ip - 1) 

(then the equality holds automatically). 

We regard G as a formal group over S. Then by |19[ 3.6], there exists a parameter X of the 
formal group G normalized by the condition that [£](X) = £,{X) for all (p — l)-th root of unity 
£ G Z p . For such a parameter, we have 

\p](X) = ai XP + aXP 2 + c m X^ 1+m ^-^ e A[[X}}, 



where we have v(ai) = h{G) — 1 by |19[ 3.6.1 and 3.6.5], and v(a) = 0, as G is of height 2. For 
each integer i > 0, we put 

V ipZ) (X) =a(x + a pZ X p + ^ c^X 1 ^^ € A[[X\]; 

m>2 

then we have \p n ]{X) = V^" ') o 2) o • • • o V(X*> n ). Hence each point of G(n)(K) is given by 
a sequence y\, ■ ■ ■ , y„ £ i^ scp (or simply an element y n <E K scp ) satisfying the equations 

r V(yi) = a wi + a Vi h — = °; 

V^Hvn) = af _1 2/„ + a^yP + ■■■ = y n _ v 

Let y„ € if s °p be such that yi 0. By considering the Newton polygons of the equations above, 
we verify that 

In particular, the ramification index e(K n /K) is at least p n ^ 1 (p~ 1). By the definition of K n , the 
Galois group Gal(K sep / K n ) must fix y n £ K scp , i.e. K n is an extension of K(y n ). Therefore, we 
have \K n : K] > [K{y n ) : K] > e(K(y n )/K) > p n -\p - 1). □ 

Proposition 5.8. Let G be a HW-cyclic BT-group over S of height c + d and dimension d such 
that G ® K is ordinary, 

/0 ••• -a x \ 
10' 
1 



I) 



-02 
-a 3 



\0 ••• 1 -a c J 
be a matrix of (fa- Put q — p c , a c+ i = 1, and P(X) = J2i=o ai + 1 -^ P e 
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(i) Assume that G is connected and the Hasse invariant h(G) = 1. Then the representation ~p 
(|5.6.3p is tame, G(\)(K) is endowed with the structure of an ¥ q -vector space of dimension 1, and 
the induced action of It is given by the character Q q -\ : /t — > F* . 

(ii) Assume that c > 1, v(cij) > 2 for 1 < i < c — 1 and v(a c ) = 1. Then the order o/Im(p) is 
divisible by p c ^ 1 (p — 1). 

(iii) Put io — miiio<i< c {i; v(<Zj+i) = 0}. Assume that there exists a € k such that v(P(a)) = 1. 
Then we have iq < c — 1 and the order of Im(p) is divisible by p t0 . 

Proof. Since G is generically ordinary, we have ai ^ bv I2.11f d). Hence P(X) £ K[X] is a 
separable polynomial. Bv 14.41 G(1)(K) ~ (Ker V / G)(-ft' scp ) is identified with the additive group 
consisting of the roots of P(X) in K scp . 

(i) By definition of the Hasse invariant, we have v(ai) = h(G) = 1. By !4.4f iiL the assumption 
that G is connected is equivalent to saying v(ai) > 1 for 1 < i < c. From the Newton polygon of 
P{X), we deduce that all the non-zero roots of P(X) in K scp have the same valuation l/(<? — 1). 
We denote by 

rl> : G(1)(K) - Vy^ 

the map which sends each root x S K scp of P(X) to the class of x in Vx/( q _x} = ^/(q-i)/^/^ _ij 
(|5.1.ip . We remark that G(1)(K) is an F p -vector space of dimension c. Hence G{1){K) is au- 
tomatically of dimension 1 over ¥ q once we know it is an F^-vector space. By I5.3[ it suffices to 
show that ip is an injective 7-equivariant homomorphism of groups. Bv I4.4f i). ip ls obviously an 
I-equivariant homomorphism of groups. Let xo be a root of P(X), and put Q(y) — P(xoy). Then 
the polynomial Q{y) has the form Q(y) = XQQi(y), where 

Qi(y) - y q + bcyP" 1 + ■ ■ ■ + b 2 yP + b iy 

with b, = a i /x ( £~ pZ ~ 1) S K sc p. We have v(6. ( ) > for 2 < i < c and v(h) = 0. Let h be the 
class of b\ in the residue field k — m^/m^ . Then the images of the roots of P(X) in are 

Xobi^ q where £ runs over the finite field ¥ q . Therefore, ip ls injective. 

(ii) By computing the slopes of the Newton polygon of P(X), we see that P(X) has p c ~ 1 (p— 1) 
roots of valuation l/(p c — p c_1 ). Let L be the sub-extension of K scp obtained by adding to K all 
the roots of P{x). Then the ramification index e(L/K) is divisible by p c ^ 1 (p — 1). Let L be the 
sub-extension of K sop fixed by the kernel of p (|5.6.3p . The Galois group Gal(K scp / L) fixes the 
roots of P(x) by definition. Hence we have L C L, and | Im(p)| = [L : K] is divisible by [L : K]; in 
particular, it is divisible by p c ^ 1 {p — 1). 

(iii) Note that the relation io < c — 1 is equivalent to saying that G is not connected by I4,4f ii) . 
Assume conversely io = c, i.e. G is connected. Then we would have 

P{X)=X q mod (nA[X]). 

But v(P(a)) = 1 implies that dP E nA, i.e. a = 0; hence we would have P(a) — 0, which 
contradicts the condition v(P(a)) = 1. 

We put Q{X) = P(X + a) = P(X) + P(a). As v(P(a)) = 1, then (0, 1) and (?>,0) are the 
first two break points of the Newton polygon of Q{X). Hence there exists p l ° roots of Q(X) of 
valuation l/p l °. Let L be the subextension of K in K sop generated by the roots of P{X). The 
ramification index e(L/K) is divisible by p %0 . As in the proof of (ii), if L is the subextension of 
K scp fixed by the kernel of ~p, then it is an extension of L. Therefore, we have | Im(p)| — [L : K] is 
divisible by [L : K], and in particular, divisible by p l ° . □ 
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5.9. Let G be a BT-group over S with connected part G°, and etale part G et of height r. We 
have a canonical exact sequence of /-modules 

(5.9.1) -> G°(l)(/T) -> G(1)(K) -> G 6t (l)(T?) 

giving rise to a class C 6 Ext J. ^ (G et (1) (K) , G° (1) (K)) , which vanishes if and only if (|5.9.ip splits . 
Since 7 acts trivially on G et (l)(/sT), we have an isomorphism of /-modules G ct (l)(K) ~ F£. Recall 
that for any F p [/]-module M, we have a canonical isomorphism ([25] Chap. VII, §2) 

Ext^Fp.M)-!* 1 (/>**)■ 

Hence we deduce that 

(5.9.2) CeEx4 p[/] (G dt (l)(7?),G°(l)(7?))^ H\l, G°(l)(K)) r . 

Proposition 5.10. Let G be a HW-cyclic BT-group over S such that h(G) = 1, p (|5.6.3p be the 

representation of I on G(1)(K). Then the cohomology class C does not vanish if and only if the 
order of the group Im(p) is divisible by p. 

First, we prove the following result on cohomology of groups. 

Lemma 5.11. Let F be a field, T be a commutative group, and \ '■ T — ► F x be a non-trivial 
character of T. We denote by F(\) an F -vector space of dimension 1 endowed with an action of 
r given by \. Then we have // 1 (r, F(\)) = 0. 

Proof. Let C be a 1-cocycle of T with values in F(x). We prove that G is a 1-coboundary. For 
any g,h G T, we have 

C(gh) = C(g)+x(9)C(h), 

C(hg) = C(h)+ X (h)C(g). 
Since T is commutative, it follows from the relation C(gh) — C{hg) that 
(5.11.1) ( X (g) - l)C(h) = ( X (h) - l)C(g). 

If x(g) 1 and x(h) ^ 1, then 

-, \ - C(g) = - C(h). 

Therefore, there exists x 6 F g (x) such that C(g) — (xid) ~ l) x f° r all 5 £ T with x(d) 7^ 1- If 
x(g) — 1, we have also G (g) = 0= (y(a) — l)x by (|5. 1 1 . 1(1 . This shows that G is a 1-coboundary. □ 

Proof oi \KUK ByS^ii) and[Elc), the connected part G° of G is HW-cyclic with h(G°) = h(G) = 
1. Assume that T p (G°) has rank £ over Z p , and T p (G 6t ) has rank r. Then byGS|a), G°(1){K) is 
an F g -vector space of dimension 1 with q = p £ , and the action of / on G°(1)(K) factors through 

the character %:/—*■ I t d " 1 > F^ . We write G°(l)(K) — ¥ q (x) for short. If the cohomology class 
G is zero, then the exact sequence i|5.9.ip splits, i.e. we have an isomorphism of Galois modules 
G(1)(K) ~ F 9 (x) © Fp. It is clear that the group Im(p) has order q — 1. 

Conversely, if the cohomology class G is not zero, we will show that there exists an element in 
Im(p) of order p. We choose a basis adapted to the exact sequence (|5.9.ip such that the action of 
g G / is given by 



(5.11.2) 
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where l r is the unit matrix of type (r, r) with coefficients in F p , and the map g >—* C(g) gives rise 
to a 1-cocycle representing the cohomology class C. Let 1\ be the kernel of x '■ I ~ > > T be the 
quotient // ii , so \ induces an isomorphism x : T — > F * . We have an exact sequence 



- ff 1 (T,F,(x)) p ^ fT^.^Ot))' ^ ff 1 (/ ll F 3 (x)) r , 

where "Inf" and "Res" are respectively the inflation and restriction homomorphisms in group 
cohomology. Since H 1 (T,¥ q (x)Y = by I5.1R the restriction of the cohomology class C to 
H 1 (Ii 1 ¥ q (x)) r is non-zero. Hence there exists h £ I\ such that G{h) ^ 0. As we have x(h) = lj 
then 







Thus the order of p[h) is p. 

Corollary 5.12. Let G be a HW-cyclic BT-group over S, 



□ 
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-a 2 


b = 
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-0,3 
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• 1 


-a c J 



be a matrix of tpc, P(X) = X p + a c X p + • • • + a\X 6 // h(G) = 1 and if there exists 

a G k C A such that v(P(a)) = 1, then the cohomology class (|5.9.2p is not zero, i.e. the extension 
of I -modules l|5.9.ip does not split. 

Proof. Since v(ai) = h(G) — 1, the integer i defined in l5.8f iii) is at least 1. Then the corollary 
follows from [Opi) and KM □ 

6. Lemmas in Group Theory 
In this section, we fix a prime number p > 2 and an integer n > 1. 

6.1. Recall that the general linear group GL ra (Z p ) admits a natural exhaustive decreasing filtration 
by normal subgroups 

GL„(Z P ) D 1 +pM n (Z p ) D ■ ■ O l+p m M n (Z p ) D ■ ■ ■ , 

where M„(Z p ) denotes the ring of matrix of type (n, n) with coefficients in Z p . We endow GL„(Z p ) 
with the topology for which (1 + p m M„(Z p )) m >i form a fundamental system of neighborhoods of 
1. Then GL„(Z p ) is a complete and separated topological group. 

6.2. Let © be a profinite group, p : 05 — > GL„(Z p ) be a continuous homomorphism of topological 
groups. By taking inverse images, we obtain a decreasing filtration (F m ©, m 6 Z>o) on 25 by open 
normal subgroups: 

F°& = ©, and F m & = p-^l + p m M n (Z p )) for m > 1. 
Furthermore, the homomorphism p induces a sequence of injective homomorphisms of finite groups 

(6.2.1) p Q : F ©/^ 1 © ^GL„(F p ) 

(6.2.2) p m : F m <3/F m+1 ® -> M„(F P ), for m > 1. 
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Lemma 6.3. The homomorphism p is surjective if and only if the following conditions are satisfied: 

(i) The homomorphism po is surjective. 

(ii) For every integer m > 1, the subgroup lm(p m ) o/M„(F p ) contains an element of the form 



fx 




\0 







0/ 



wii/i X ^ 0; or equivalently, there exists, for every m > 1, an element g m G (3 swe/i iftai p(g m ) is 
of the form 



(l+p m a ls 
p m+1 a 2 ,i 



1 



P m+1 a h2 
-P m+1 a 2 .2 



P m+1 a n , 2 



P m+1 a u 
P m+1 a 2 , 



l+p r ' 



where G Z p for 1 < i, j < n and ax t i is not divisible by p. 

Proof. We notice first that p is surjective if and only if p m is surjective for every m > 0, because 
(3 is complete and GL„(Z p ) is separated [3,, Chap. Ill §2 n°8 Cor. 2 au Theo. 1]. The surjectivity 
of po is condition (i). Condition (ii) is clearly necessary. We prove that it implies the surjectivity 
of p m for all m > 1, under the assumption of (i). First, we remark that under condition (i), if A 
lies in Im(yO m ), then for any U G GL„(F p ) the conjuagate matrix U ■ A ■ U^ 1 lies also in Im(p m ). 
In fact, let A be a lift of A in M„(Z p ) and U G GL„(Z p ) a lift of U. By assumption, there exist 
g, h G (5 such that 

p(g) = l+p m A mod (1 +p m+1 M n (Z p )) and p(h) = U mod (1 + pM n (Z p )). 

Therefore, we have p{hgh~ r ) = (1 +p m U ■ A- U" 1 ) mod (1 +p m+1 M n (Z p j). Hence hgh- 1 G F m 
and p rn {hgh^ 1 ') = U ■ A - U~ l . 

For 1 < i,j < n, let Eij G M„(F p ) be the matrix whose (i, j)-th entry is and the other entries 
are 0. The matrices Eij(l < i,j < n) form clearly a basis of M„(F p ) over F p . To prove the 
surjectivity of p m , we only need to verify that E^j G Im(p m ) for 1 < i,j < n, because Im(/3 m ) 
is an F p -subspace of M„(Fp). By assumption, we have E\,\ G Im(p m ). For 2 < i < n, we put 
Ui = E 14 - Ets + E jj- Then we have u i e GL„(Z p ) and Ui ■ E iA ■ U^ 1 = E iti G Im(p m ). 

For 1 < i < j < n, we put C/jj = I + Eij where / is the unit matrix. Then we have Uij-E i}i -U^ = 
Ei,i + Ej.j G Im(/9 m ), and hence Eij G Im(p m ). This completes the proof. 

□ 

Remark 6.4. By using the arguments in [23l Chap. IV 3.4 Lemma 3], we can prove the following 
stronger form of Lemma [6751 If p = 2, condition (i) and (ii) for m — 1,2 are sufficient to guarantee 
the surjectivity of p; if p>3, then (i) and (ii) just for m = 1 suffice already. 

A subgroup C of GL n (F p ) is called a non-split Cartan subgroup, if the subset C U {0} of the 
matrix algebra M„(F p ) is a field isomorphic to F p n; such a group is cyclic of order p n — 1. 

Lemma 6.5. Assume that n>2. We denote by H the subgroup o/GL„(F p ) consisting of all the 
'A b^ 



elements of the form 



1 



where A G GL„_i(F p ) and b 



with h G F p (l < i < n-1). 
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Let G be a subgroup o/GL n (F p ). Then G — GL„(F p ) if and only if G contains H and a non-split 
Cartan subgroup o/GL„(F p ). 

Proof. The "only if" part is clear. For the "if" part, let C be a non-split Cartan subgroup contained 
in G. For a finite group A, we denote by |A| its order. An easy computation shows that |GL„(F p )| = 
\H\ ■ \C\. So we just need to prove that U n C = {1}; since then we will have |GL„(F p )| = |G|, 
hence G — GL„(F p ). Let g £ H n G, and P{T) £ F p [T] be its characteristic polynomial. We 
fix an isomorphism C ~ F p „, and let C S F p „ be the element corresponding to g. We have 
= II<TeGai(F n/F )(T ~~ "'(O) m HV'PI- On the other hand, the fact that g £ H implies that 
(T — 1) divise P{T). Therefore, we get £ = 1, i.e. <? = 1. □ 

Remark 6.6. E. Lau point out the following strengthened version of 16.51 When n> 3, a subgroup 
G C GL„(F p ) coincides with GL„(F p ) if and only if G contains a non-split Cartan subgroup and 

the subgroup ( ^kn-iOFp) 0\ ^ can ^ e ugec j to smi piify the induction process in the proof of 



1 / 
Theorem 17.31 when n > 3. 

7. Proof of Theorem 11.31 in the One-dimensional Case 

7.1. We start with a general remark on the monodromy of BT-groups. Let AT be a scheme, G be 
an ordinary BT-group over a scheme X, G ct be its etale part l|2.10.ip . If rj is a geometric point of 
X, we denote by 

T P (G,?7) = \imG(n)(rj) = lim G 6t (n) [rj) 

n n 

the Tate module of G at rj, and by p{G) the monodromy representation of ni(X, rj) on T p (G,t?). 
Let / : Y —> X be a morphism of schemes, £ be a geometric point of Y, Gy = G x x Y . Then by 
the functoriality, we have a commutative diagram 

(7.1.1) *i(y,t) — > *i(x,f®) 



p(Gv 



P(G) 



Aut Zp (T p (C7y, 0) — Aut Zp (T p (G, /(£))) 

In particular, the monodromy of Gy is a subgroup of the monodromy of G. In the sequel, diagram 
(|7.1.ip will be refereed as the functoriality of monodromy for the BT-group G and the morphism 
/• 

7.2. Let k be an algebraically closed field of characteristic p > 0, G be the unique connected 
BT-group over k of dimension 1 and height n + 1 > 2 (|4.10p . We denote by S the algebraic local 
moduli of G in characteristic p, by G the universal deformation of G over S, and by U the ordinary 
locus of G over S lpT8)l . Recall that S is affine of ring R ~ k[[tx, • • • , t n ]\ lj3~7| . and that G and G 
are HW-cyclic (cf. I4,3f i) and 14.10]) . Let rj be a geometric point of U over its generic point. We 
put 

T p (G,r7)= lim G(m)(rj) 

mGZ>i 

to be the Tate module of G at the point rj. This is a free Z p -module of rank n. We have the 
monodromy representation 

Pn : 7ri(U,?7) -» Aut Zp (T p (G,77)) ~ GL n (Z p ). 

The following is the one-dimensional case of Theorem 11.31 
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Theorem 7.3. Under the above assumptions, the homomorphism p n is surjective for n > 1. 
7.4. First, we assume n > 2. By Proposition 14. 1 If ii) . we may assume that 







(0 


• 


• 


-h\ 






1 


• 


• 


-t 2 


(7.4.1) 


f) = 





1 • 


• 


-h 








• 


• 1 


-t„) 



is a matrix of the Hasse-Witt map ifG, Let p be the prime ideal of R generated by ti,- ■ ■ , t n -i, 
K ~ k((t n )) be the fraction field of R/p, R' = i? p be the completion of the localization of R at p, 
and = G <3rR'. Since the natural map J? — s- -R' is injective, for any a e R, we will denote also 
by a its image in R' . Since the Hasse-Witt map commutes with base change, the image of t) in 
M nx „(i?'), denoted also by t), is a matrix of <p<g R , ■ Apprving l4.4f ii) to the closed point of Spec(i?'), 
we see that the etale part of Sfi?/ has height 1 and its connected part Sfjj, has height n. We have 
an exact sequence of BT-groups over R! 

(7.4.2) -> SP£, -> Sffl/ -> Sfg -► 0. 

We fix an imbedding z : _Ko - > o of Kq into an algebraically closed field. Put Sf-^ = Sfj£/ <8> i^o for 
* = 0, et, o. We have Sf-^ ~ Q p /Z p , and is the unique connected one-dimensional BT-group 
over K of height n (cf. 14.10(1 . We put R' — Kq\\x\, • • • , ar n _i]], and 

(7.4.3) E = {ring homomorphisms cr : R 1 — > i?' lifting i?' — » if ^ ^o} 

Let cr € E. We deduce from l|7.4.2p by base change an exact sequence of BT-groups over R' 

(7.4.4) 0-*Sf|; -+0 

v ' fl'.CT W,(T 

where we have put 



isomorphism Sf-£? 

"0 



~ = Sfjy <8> CT -R' for * = 0,0, et. Due to the henselian property of i?', the 
/Z p lifts uniquely to an isomorphism ~ Q p /Z p . Assume that Sf~ is 



p/^p „ „ r _ . R;<7 

generically ordinary over S' = Spec(i?'). Let U' a C S' be its ordinary locus, and x be a geometric 
point over the generic point of U' a . The exact sequence l|7.4.4p induces an exact sequence of Tate 
modules 

(7.4.5) - Tp^-^x) - T p (9~ ,,3;) - T p (Sff ff ,z) - 

compatible with the actions of 7Ti(E/£,2f). Since we have T p (Sf~ ,x) — r T p (Q p /'Z p ,x) — Z p , this 
determines a cohomology class 

(7.4.6) C a G Ext^^^^CZp.Tp^,^)) ~ ^M^^Tp^,^)). 
We consider also the "mod-p version" of l|7.4.5|) 

o - sf|? i<r (i)(af) - % >CT (i)(^) Fp ^ o, 

which determines a cohomology class 

(7.4.7) C a G Ext; pki( -, _ )] (F p ,^| 7 (t (1)(x)) ~ H\^{U' a ,x)^ l rT {l){x)). 

It is clear that C a is the image of C CT by the canonical reduction map 

^M^^Tp^,*)) - ^(^(C/^x),^ ^!)^)). 
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Lemma 7.5. Under the above assumptions, there exist a±, a<i 6 £ satisfying the following proper- 
ties: 

(i) We have < S~ — Sf~ , and it is the universal deformation of . 

(ii) We have C ai = and C a2 ^ 0. 

Before proving this lemma, we prove first Theorem 17.31 

Proof of \ 7. 3[ First, we notice that the monodromy of a BT-group is independent of the base point. 
So we can change r] to any other geometric point of U when discussing the monodromy of G. We 
make an induction on the codimension n = dim(G v ). The case of n = 1 is proved in Theorem 15. 71 
Assume that n > 2 and the theorem is proved for n — 1. We denote by 

p n : 7n(U^) -> Aut F „(G(l)(j7)) * GL„(F P ) 

the reduction of p n modulo by p. By Lemma [6731 and [675]. to prove the surjectivity of p n , we only 
need to verify the following conditions: 

(a) Im(p„) contains a non-split Cartan subgroup of GL„(F p ); 

(b) Im(p„) contains the subgroup H C GL„(Z p ) consisting of all the elements of the form 

J jje GL„(Z p ), with B G GL„_!(Zp) and 6 = M„_ lxl (Z p ); 

For condition (a), let A = fc[[7r]], T = Spec(^4), £ be its generic point, £ be a geometric point 
over £, and J = Gal(£/£) be the absolute Galois group over £. We keep the notations of 17.41 Let 
/* : R — > A be the homomorphism of fc-algebras such that f*(t\) = 7r and f*{ti) = for 2 <i < n. 
We denote by / : T — > S the corresponding morphism of schemes, and put Gt = G x s T. By the 
functoriality of Hasse-Witt maps, 



/0 ••■ -tt\ 
1 ■•■ 



\0 ••• 1 0/ 

is a matrix of <pa T - By definition I5.4[ the Hasse invariant of Gt is h(G) — 1. Hence Gt is 
generically ordinary; so /(£) G U. Let 

7i T : I = Gal(?/0 - Aut Fp (G T (l)©) 

be the mod-p monodromy representation attached to Gt- Proposition I5.8f i) implies that Im(p T ) 
is a non-split Cartan subgroup of GL„(F p ). On the other hand, by the functoriality of monodromy, 
we get Im(TJT) C Im(p„). This verifies condition (a). 

To check condition (b), we consider the constructions in 17.41 Let S' — Spec(i?'), / : S' — ► S 
be the morphism of schemes corresponding to the natural ring homomorphism R — > R', U' be the 
ordinary locus of ^_r/, and £ be a geometric point of U' . From <|7.4.2[) . we deduce an exact sequence 
of Tate modules 

(7.5.1) - T p (Sf£,£) - T p (Sf w> ?) -> T P (S$,?) - 0. 

Let : 7Ti ([/',£) — > Autz p (T p (%/,£)) ~ GL„(Z p ) be the monodromy represention of ^n* . Under 
any basis of T p (^j?/,£) adapted to (|7.5.ip . the action of ni(U',£) on T p (^r/,£) is given by 
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where g i— > p&° t (g) G GL„_i(Z p ) (resp. 5 1— > p^t(g) 6 Z*) gives the action of 7Ti ({/',£) on 

t p(^rm?) (nesp- on T p (Sf$,£)). Note that /(£/') C U. So by the functoriality of monodromy, we 
get lm(p&>) C Im(p n ). To complete the proof of Theorem l7,3[ it suffices to check condition (b) with 
p n replaced by peg , under the induction hypothesis that 17,31 is valide for n— 1. Let oi, o 2 : -R' — > i?' 
be the homomorphisms given bv !7.5l For i = 1, 2, we denote by fi ■ S' = Spec(-R') — > S" = Spec(i?') 
the morphism of schemes corresponding to <Xj, and put Sfj = Sf^ = Sffj' i?' to simply the 
notations. By condition 17. 5f i). we can denote by the common connected component of Sfi and 
Let [/' C S 7 be the ordinary locus of Sf°. Then we have fi(U') C t/' for z = 1,2. Let 1 be a 
geometric point over the generic point of U' . We have an exact sequence of Tate modules 

(7.5.2) -» T p (&°,x) -» T p (Sfi,s) -> T P (Q P /Z P , x) -> 

compatible with the actions of 7Ti(£/', x). We denote by 

P9 t : nx(U',x) Aut Zp (T p (Sfi,S)) ~ GL n (Z p ) 

the monodromy representation of 5^. In a basis adapted to l|7.5.2j) . the action of tti{U',x) on 
T p (^i,x) is given by 

1 



P<£i'-9 



where p<go : tti(U',x) — > GL„_i(Z p ) is the monodromy representation of Sf°, and the cohomology 
class in H 1 (ni(U\ x), T p (^° j) given by g 1— > C CTj (5) is nothing but the class defined in l|7.4.6p . 
By I7,5f i) and the induction hypothesis, p<s° is surjective. Since the cohomology class C ai = by 
I7,5f ii). we may assume C ai (g) = for all g S iri(U',x). Therefore lm(p^ 1 ) contains all the matrix 

of the form ^ with B £ GL„_i(Z p ). By the functoriality of monodromy, Im(p& RI ) contains 

Im(p^ 1 ). Hence we have 

(7.5.3) ^GL„_i(Z p ) O^j c Im( ^ } c lm{pwRi) 

On the other hand, since the cohomology class C CT2 7^ 0, there exists a g <E tti(U',x) such that 

— ( B 2 b 2 \ 

b 2 = C a2 (g) ^ 0. Hence the matrix p^ 2 (g) has the form I such that B 2 € GL„_i(Z p ) and 



v 1 / 

the image of b 2 6 Mi xn - i(Z p ) in Mi xn - lO^p) is non-zero. By the functoriality of monodromy, we 
have Im(p& 2 ) C Im(p@ B ,); in particular, we have ^ 2 ^ 2 ^j 6 Im(p^ B ,). In view of (|7.5.3p . we get 

(GL.- l( Z,) 0^4 6^GL„ o ,(Z p , 0^^, 

But the subset of GL„(Z p ) on the left hand side is just the subgroup H described in condition (b). 
Therefore, condition (b) is verified for pcg R , , and the proof of 17. 31 is complete. □ 

The rest of this section is dedicated to the proof of Lemma 1731 

Lemma 7.6. Let k be an algebraically closed field of characteristic p > 0, A be a noetherian 
henselian local k-algebra with residue field k, G be a BT-group over A, and G ct be its etale part. 
Put 

Lie(G v ) v=1 = {x G Lie(G v ) such that <p G (x) = x}. 
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Then Lie(G v ) ¥ ' =1 is an Yp-vector space of dimension equal to the rank of Lie(G etv ), and the A- 
submodule Lie(G 6tv ) o/Lic(G v ) is generated by Lie(G v ) v=1 . 

Proof. Let r be the rank of Lie(G ctv ), G° be the connected part of G, and s be the height of 
Lie(G oV ). We have an exact sequence of A-modules 

Lie(G 6tv ) -» Lie(G v ) -» Lie(G oV ) -» 0, 

compatible with Hasse-Witt maps. We choose a basis of Lie(G v ) adapted to this exact sequence, 

'u w s 

V 



so that ipc is expressed by a matrix of the form I T/ ] with U G M rxr (A), F G M SXS (A), 



and G M rxs (A). An element of Lie(G v ) v - 1 is given by a vector [ X ) , where x 



(x\ 



and 



with Xi,yj G A, satisfying 



U W\ fx^\ fx\ \U-xW+W-yW =x 



(yi 

y = : 

{7 - 6A) To yJ"W = g * \ V .yi*=y. 

where x^ p ' (resp. y^) is the vector obtained by applying a i— ► a p to each ^(1 < i < r) (resp. 
j/j (1 < j < s)), Bv l2.9[ the Hasse-Witt map of the special fiber of G° is nilpotent. So there exists 
an integer N > 1 such that ^„(Lie(G oV )) C m A ■ Lie(G oV ), i.e. we have V ■ ■ ■ ■ V^ N '^ = 
(mod m^). From the equation V ■ y^ — y, we deduce that 



y 



V ■ V {p) ■ ■ ■ V {pN 1} ■ y (?,JV) = (mod m A ). 



But this implies that y& N ^ = (mod ). Hence we get y = V ■ y^ = (mod 
Repeting this argument, we get finally y = (mod m^) for all integers £ > 1, so y = 0. This 
implies that Lie(G v ) ¥ ' =1 C Lie(G 6tv ), and the equation (|7.6.1|1 is simplified as U ■ x (p) = x. Since 
the linearization of <pg 61 ls bijective by 12.111 we have U G GL r (A). Let U be the image of U in 
GL r (fc), and Sol be the solutions of the equation U ■ As k is algebraically closed, Sol is 

an Fp-space of dimension r, and Lie(G ctv ) ® k is generated by Sol (cf. [191 Prop. 4.1]). By the 
henselian property of A, every elements in Sol lifts uniquely to a solution of U ■ X^ p ' = x, i.e. the 
reduction map Lie(G v ) v=1 ^> Sol is bijective. By Nakayama's lemma, Lie(G v ) v=1 generates the 
A-module Lie(G 6tv ). ' □ 



7.7. We keep the notations of 17.41 Let Comp^ be the category of neotherian complete local 
i^o-algebras with residue field Kq, 2%- {resp. T>y°_ ) be the functor which associates to every 

Kq 

object A of Comp^ o the set of isomorphic classes of deformations of ^j^ Q (resp. £^ ) . If A is 
an object in Compj o and G is a deformation of £f^ o (resp. Sf-|r ) over A, we denote by [G] its 
isomorphic class in Vy— (A) (resp. in T>cg° ). 

Kq 

Lemma 7.8. Let S be the set defined in l|7.4.3p . 

(i) The morphism of sets $ : S — ► C^O given by a i— » J is bijective. 
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(ii) Let cr 6 S. Then there exists a basis o/Lie(^~ / ' ) such that < 



is represented by a matrix 



of the form 



(7.8.1) 



/O 
1 



\0 



a-2 



1 fln-l/ 



(modm~) for 1 < i < n — 1, where a E R' 



and is i/ie maximal ideal of 



~ is the universal deformation of&j^ if and only if {a(ti), 



,<r(t n -i)} is 



with ai = a ■ cr(ti 
R! . In particular, 
a system of regular parameters of R! . 

Proof, (i) We begin with a remark on the Kodaira-Spencer map of Sffo/ . Let ^s/k = fflome^ (^s/ fc , 
be the tangent sheaf of S. Since G is universal, the Kodaira-Spencer map (|3.2.2p 

Kod : ,% /k ^ ,^om ffs (w G ,Lie(G v )) 

is an isomorphism. By functoriality, this induces an isomorphism of i?'-modules 



(7.8.2) 



Kod R < : T, 



R'/k 



Hom ff [u<g , Lie(^,)), 



where T w/k = Hom ff {£l RI/k ,R') = T(S,£ s/k ) ® fl R' . 

For each integer v > 0, we put R! v = R' /m~ l , £„ to be the set of liftings of R — > Kq — > ifo to 

i? — » i?'„, and : — * ^- > %- (-^'f) to be the morphism of sets a v l_ * [@R' ®cr„ -K'i/]- We prove by 
induction on ^ that is bijective for all v > 0. This will complete the proof of (i). For v = 0, the 
claim holds trivially. Assume that it holds for v — 1 with v >\. We have a commutative diagram 



£„-l ^ (ii'v-l), 

where the vertical arrows are the canonical reductions, and the lower arrow is an isomorphism 
by induction hypothesis. Let t be an arbitrary element of £„_!.. We denote by £„ )T C E„ the 
preimage of r, and by T>^ v l ^{R' v ) C 2??% (-^V) the preimage of $ v _i(r). It suffices to prove 

that <&„ induces a bijection between H V . T and 2?$ y _ i T \(R' u ). Let Ij, = tn^/m— 1 be the ideal of 

the reduction map R' v — > R' v -\. By [EGA Oiv 21.2.5 and 21.9.4], we have ~ fi^/zj., and 

they are free over A of rank n. By [EGA Oiv 20.1.3], E V)T is a (nonempty) homogenous space 
under the group 

Hom^tn^j. ^0,^) = T R//k ® a , I v . 
On the other hand, according to I3.5l fi^ . V^ ul i T \{R' v ) is a homogenous space under the group 
Hom^ o (i^_ ,Lie(Sf-^)) ® Fq I v = Hom R ,(a;^ H „ Lie(S$)) <8>fl> J v . 

Moreover, it is easy to check that the morphism of sets "Iv : £„ jT — > 2?$ i/ _ 1 ( r )(i?' y ) is compatible 
with the homomorphism of groups 

Kod fl , Id : T w/k ® R , I v Hom ff (u^ R ,,Lie(Sf^,)) 4, 
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where Kodjj/ is the Kodaira-Spencer map l|7.8.2p associated to 'Sb.' ■ The bijectivity of <J>j, now 
follows from the fact that Kodfl" is an isomorphism. 

(ii) First, we determine the submodule Lie(^~ v ) of Lie(Sf~ ). We choose a basis of Lie(G v ) 

over £?s such that ipG is expressed by the matrix f) (|7.4.ip . As Sfc; derives from G by base change 



R — » R' ^> R', there exists a basis (ei, ■ • • , e„) of Lie(Sf~ ) such that 

XV -CT 



is expressed by 



/0 
1 



-«r(ti)\ 
-<r(*a) 



\0 ••■ 1 -ff(t„)/ 
By Lemma EH Lie(&j± v J is generated by Lie(g^ J v=1 . If £™ =1 a: n e„ e Lie ( 



Xl 



Xi G i?' for 1 < i < n, then (x,)i<i< n must satisfy the equation t) c 



fv. )(p=i with 



or equivalently, 



(7.8.3) 



xi = -a(ti)x* 

x 2 = -a(t 2 )xP n -a{h)PxP 2 

X n -1 = ~(j(t n ^i)x P n Cr(^i) P " 2 XP" 

x£ + <r{t 2 )P n ~ 2 xP^ 1 +■■■ + <7{t n )xP + x n = 0. 



We note that a(ti) 6 m^; for 1 < i < n — 1 and a(t n ) £ R' with image i(t n ) & Kq, where 
i : Kq — > i^o is the fixed immbedding. By Hensel's lemma, every solution in Kq of the equation 
i(£„)a; p + x n = lifts uniquely to a solution of l|7.8,3j) . As Lie(£f~ v ) has rank 1, by Lemma [7T6t 
these are all the solutions. Let (Ai, • ■ • , A„) be a non-zero solution of l|7.8.3p . We have 



(7.8.4) 



A„ e R' and A^ 



-\P<j(ti) (mod m 



We put v = Aiei + ■ • • + A„e„; so v is a basis of Lie(Sf~ v ) bv 17.61 For 1 < i < n, let /, be the 

R ,cr 



image of e l in Lie^^). Then f u ■ 



f n clearly generate Lie(&~ ). By the explicit description 

l\ .(7 



above of Lie(5f~ v ), we have /„ = — A (Ai/i • • • + A„_i/ n _i). Hence /i, • • • , f n -i form a basis of 

R' .(7 

Jjie(^~ ). By the functoriality of Hasse-Witt maps, we have ip<&2- (fi) = fi+i for 1 < i < n — 1, 
or equivalently, 

/0 ■■• -A^Ai \ 



W<L (/l, • ' ■ ,/n-l) = (/l 



i /n-l) 



1 



\o 



In view of l|7.8.4p . we see that the above matrix has the form of l|7.8.ip by setting a = Xf^ 1 G R' . 
The second part of statement (ii) follows immediately from Proposition ^. 1 lf ii) and the description 
above of <a»°_ . □ 



Lemma 7.9. Let F be a field with the discrete topology, A be a noetherian local complete and 
formally smooth F -algebra, C be an adic topological F -algebra, J cC be an ideal of definition (i.e. 
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C = lim C I J n+1 ), g : A — > C/J &e a continuous homomorphism of topological F-algebras. Let 
ti, ■ ■ ■ ,t n be elements in A such that dti, ■ ■ ■ , dt n form a basis offt\^ F over A, and a\, ■ ■ ■ ,a„eC 
be such that the image of ai in C/J is g{ti) for 1 < i < n. Then there exists a unique continuous 
homomorphism of topological F-algebras h : A — > C which lifts g and satisfies h(ti) — ai for 
1 < i < n. 

Proof. For each integer v > 0, we put C v — C/J l/+1 . It suffices to prove that there exists, for every 
integer v > 0, a unique continuous homomorphism of topological F-algebras h v : A — > C v which 
lifts g = ho and verifies h v (ti) = a, (mod J u+1 ). We proceed by induction on v > 0. For v = 0, 
the assertion is trivial. Suppose that v > 1 and the required homomorphism h v -\ : A — > C„_i 
exists uniquely. Since A is formally smooth over F, by [EGA Oiv 20.7.14.4 and 20.1.3], the set 
of continuous homomorphisms A — > C„ lifting h v -i is a homogeneous space under the group 
Hom.contA(^/ f , J v / J u+1 ), where Hornxont^ denotes the group of continuous homomorphisms 
of topological modules over A. Since C/J is a discrete topological ring, there exists an inteter £ > 0, 
such that the continuous map g : A — > C/J factors through the canonical surjection A — > A/m l A , 
where iua is the maximal ideal of A. Note that J v / J v+1 is a C/J-module; so we have 

Hom.contA (f^/p, J v /J v+l ) = Hom A/m ^ <g> A/mi, J v /J v+1 ). 

Now let /ij, : A — ► C„ be an arbitrary continuous lifting of h v -\\ then any other liftings of h v -\ 
to C„ writes as h v + S with S £ Hom^y ro i (Q^/^ ® A/m l A , J" /J l/+1 )- By assumption, dti,- ■ ■ , df n 
being a basis of ^/j?, there exists thus a unique do such that <So(*i) = a, — h v (ti) (mod J I/+1 ). 

Then /i y = + #o is the unique continuous homomorphism A ^ C v lifting 5 and satisfying 
h v {U) = ai (mod J v+1 ). This completes the induction. □ 

Now we can turn to the proof of 17.51 



7.10. Proof of Lemma 17. 5L First, suppose that we have found a^eE such that C a2 ^ and 
is the universal deformation of £^ . Since $ : E ^ C^O ^ s bijective by I7.8f i). there 

exists a o\ £ £ corresponding to the deformation |W~ (QL/ZJ G XV— (i?0- It is clear that 

R' ,02 K a 

4?— ~ . Besides, the exact sequence (17.4.511 for ci splits; so we have C a , = 0. It remains 

it ,CTi it 

to prove the existence of 02. We note first that K can be canonically imbedded into R' , since 
it is perfect. Since i?' is formally smooth over k and (dti, ■ ■ ■ ,dt n ) is a basis of — 
Lemma EU implies that there is a a £ £ such that cr(tj)(l<i<n — 1) form a system of regular- 
parameters of R! and cr(i„) G K C i?'. We claim that a 2 — o answers the question. In fact, 
Lemma I7.8f ii) implies that <S~ is the universal deformation of . It remains to verify that 

C a ^0. _ 

\ 1 1 A = Ko[[n]) be a complete discrete valuation ring of characteristic p with residue field K , 
T = Spec(^4), £ be the generic point of T, £ be a geometric over £, and I — Gal(£/£) the Galois 
group. We define a homomorphism of Fo-algebras /* : R' — > A by putting /*(<r(ii)) = 7r and 
f*(c(ti)) = for 2 < i < n — 1. This is possible, since (<r(ii), ■ • • , cr(i„_i)) is a system of regular 
parameters of R' . Let / : T — > S 1 ' be the homomorphism of schemes corresponding to /*, and 
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= ^/ „ XyT. By the functoriality of Hasse-Witt maps, 





f° 


• 


• 


-7T \ 






1 


• 


• 







f)T = 





1 • 


■ 





e M nxn (R') 




V-» 


• 


• 1 


-n<r{tn)V 





is a matrix of f^ T . By definition (|5,4p . the Hasse invariant of 'St is h(^r) = 1- In particular, Sfr 
is generically ordinary. Let C 5' be the ordinary locus of ^-g, . We have /(£) £ £/J.. By the 
functoriality of fundamental groups, / induces a homomorphism of groups 

m(f) : I = Gaig/O -> TT!^, /®) ~ tti^.s). 

Let ^ be the connected part of Sf T , and be the etale part of Sf T - Then ~ Q p /Z p . We 
have an exact sequence of F p [/]-modules 

- - S?t(1)(?) -> ^(1)© - 0, 

which determines a cohomology class Ct € H (I, ^£(1)(£)). We notice that Sfy(l)(^) is isomorphic 
to Sf-g; ^(l)^) as an abelian group, and the action of I on ^r(l)(£) is induced by the action of 
TTi(U' a ,x) on ^7 a (l){x). Therefore, Ct is the image of C a by the functorial map 

H\^{U^x),^ I(t {1){x)) -^(/.{^(l)©). 

To verify that C a ^ 0, it suffices to check that Ct ^ 0. We consider the polynomial P(X) = 
X p " + PioiU^X^ 1 +ttX e A[X\. According to l5~T2l it suffices to finda a e~K C A such 
that P{a) is a uniformizer of A. But by the choice of ct, we have <r(t n ) e K and a(t n ) ^ 0; so 
f*(c(t n )) 7^ lies in Kq. Let a be a p n ~ 1 (p — l)-th root of —f*(a(t n )) in i^o- Then we have 
a G if o , and P (a) = cot is a uniformizer of A. This completes the proof of 17.51 

8. End of the Proof of Theorem 11.31 
In this section, k denotes an algebraically closed field of characteristic p > 0. 

8.1. First, we recall some preliminaries on Newton stratification due to F. Oort. Let G be an 
arbitrary BT-group over k, S be the local moduli of G in characteristic p, and G be the universal 
deformation of G over S {33]). Put d = dim(G) and c = dim(G v ). We denote by Af(G) the Newton 
polygon of G which has endpoints (0, 0) and (c + d, d). Here we use the normalization of Newton 
polygons such that slope corresponds to etale BT- groups and slope 1 corresponds to groups of 
multiplicative type. 

Let AfV(c + d, d) be the set of Newton polygons with endpoints (0, 0) and (c + d, d) and slopes 
in (0, 1). For a, (3 £ MV{c + d, d), we say that a < (3 if no point of a lies below (3; then is 
a partial order on AfV(c + d,d). For each j3 G J\fV(c + d,d), we denote by Vp the subset of S 
consisting of points x with J\f(G x ) ^ (3, and by Vg the subset of S consisting of points x with 
N{G X ) — (3. By Grothendieck-Katz's specialization theorem of Newton polygons, Vp is closed in 
S, and VS is open (maybe empty) in Vp. We put 

0(/3) = {(x, y) E Z x Z | < y < d, y < x < c + d, (x, y) lies on or above the polygon /?}, 

and dim(/9) = #(❖(/?)). 
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Theorem 8.2 ([22] Theorem 2.11). Under the above assumptions, for each (3 G J\fV(c+ d,d), the 
subset Vp is non-empty if and only if Af(G) ^ (3. In that case, Vp is the closure of and all 
irreducible components ofVp have dimension dim(/3). 

8.3. Let G be a connected and HW-cyclic BT-group over k of dimension d = dim(G) > 2. Let 
(3 E AfV(c + d, d) be the Newton polygon given by the following slope sequence: 

/3 = (V(c- 

c+l 

We have Af(G) ^ f3 since G is supposed to be connected. By Oort's Theorem I8.2[ Vp is a equal 
dimensional closed subset of the local moduli S of dimension c(d — 1). We endow Vp with the 
structure of a reduced closed subscheme of S. 

Lemma 8.4. Under the above assumptions, let R be the ring of S, and 

/0 ••• -ai\ 
1 ••• -a 2 
1 ••• -a 3 



G M cxc (i?) 



\0 ••• 1 -a c J 



be a matrix of the Hasse-Witt map ipc- Then the closed reduced subscheme Vp of S is defined by 
the prime ideal (a%, ■ ■ ■ , a c ). In particular, Vp is irreducible. 

Proof. Note first that {oi, • • • , a c } is a subset of a system of regular parameters of R by I4.11f i). 
Let I be the ideal of R defining Vp. Let x be an arbitrary point of Vp, we denote by p x the prime 
ideal of R corresponding to x. Since the Newton polygon of the fibre G x lies above (3, G x is 
connected. By Lemma |4~4| we have a* G p x for 1 < i < c. Since Vp is reduced, we have € I. Let 
^3 = (oi, ••■ ,a c ), and V($$) the closed subscheme of S defined by ty. Then V(ty) is an integral 
scheme of dimension c(d — 1) and Vp C ^(^P). Since Theorem 18.21 implies that dim Vp = c(d — 1), 
we have necessarily Vp — V(^). □ 

We keep the assumptions above. Let {ti } j)i<i< c ,i<j<d be a regular system of parameters of 
R such that t i: d = a,i for all 1 < i < c. Let x be the generic point of the Newton strata Vp, 
k' = k(x), and R' = &s,x- Since R is noetherian and integral, the canonical ring homomorphism 
R — > ffs.x — > R' is injective. The image in R 1 of an element a G R will be denoted also by a. 
By choosing a fc-section k' — > i?' of the canonical projection R' — > fc', we get a (non-canonical) 
isomorphism of fc-algebras R' ~ fc'[[ti jt 2, • • • ,£ c ,d]]- Let k" be an algebraic closure of k! , and 
R" = fc" [[ii,ci, • • • ,t c ,d]]- Then we have a natural injective homomorphism of fc-algebras R 1 — * R" 
mapping t^d to U t d for 1 < i < c. 

Let 5"' = Spec(i?"), x be its closed point. By the construction of S", we have a morphism of 
fc-schemes 

(8.4.1) f:S"^S 

sending x to x. We put = G Xs S" . By the choice of the Newton polygon (3, the closed fibre 
has a BT-subgroup of multiplicative type of height d — 1. Since S" is henselian, lifts 
uniquely to a BT-subgroup Jt of We put = ^/Jf . It is a connected BT-group over S" of 
dimension 1 and height c+l. 
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Lemma 8.5. Under the above assumptions, Sf" is the universal deformation in equal characteristic 
of its special fiber. 

This lemma is a particular case of [2Ql Lemma 3.1]. Here, we use l4.11f ii) to give a simpler proof. 

Proof. We have an exact sequence of BT-groups over S" 

-> JT -> Sf -> Sf" -> 0, 

which induces an exact sequence of Lie algebras — > Lie(Sf" v ) — > Lie(Sf v ) — » Lic(Jf° v ) — ► 
compatible with Hasse-Witt maps. Since Jif is of multiplicative type, we get Lie(J^ v ) = 
and an isomorphism of Lie algebras Lie(Sf" v ) ~ Lie(Sf v ). By the choice of the regular system 
(tij)i<i< c ,i<j<d, there is a basis {v\, ■ ■ ■ ,v c ) of Lie(Sf" v ) over Gs n such that ip&» is given by the 
matrix 





(o 


• 


• 


-h,d\ 




1 


• 


• 


~tl,d 







1 • 


• 


— t3,d 






• 


■ 1 


— tc,dj 



Now the lemma results from Proposition 14.1 ll fii) . □ 

8.6. Proof of Theorem ll.3L The one-dimensional case is treated in !7.3l If dim(G) > 2, we apply 
the preceding discussion to obtain the morphism /: S" — » S and the BT-groups Sf = G Xs £" and 
Sf", which is the quotient of Sf by the maximal subgroup of Sf of multiplicative type. Let U" be 
the common ordinary locus of Sf and Sf" over S", and £ be a geometric point of U" . Then / maps 
U" into the ordinary locus U of G. We denote by 

^:^(lf",O^Aut Zp (T p (Sf,0) 

the monodromy representation associated to Sf , and the same notation for . By the functoriality 
of monodromy, we have Im(p^) C Im(po). On the other hand, the canonical map Sf — > Sf" induces 
an isomorphism of Tate modules T p (Sf ,rj) ^ T p (Sf",^) compatible with the action of wi(U",jj). 
Therefore, the group Im(p&) is identified with Im(p&"). Since Sf" is one-dimensional, we conclude 
the proof by Lemma 18.51 and Theorem 17.31 
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